SOLUTIONS OF EXERCISES WEEK THREE

Exercise 1. The statement P V Q correspond to “P or Q”.

Using the symbols A, V how can we express ”P or Q, but only one of them”.

Solution. (PV Q) A—=(PAQ). O

Exercise 2. Suppose that we are dealing only with sets (no proper classes) and that
the Class Construction Axiom of Cantor holds. During the lectures, we defined
A € T & Ais an infinite set

and showed that T € T. Prove that T — {T} € T — {T}.

Solution. We set S := T — {T}. Since T is infinite, S is infinite. Then S € T. Since
T € T,wealsohave T — {T} C T. Therefore, S # T. Then S € T — {T}. O

Exercise 3. Let f: A — B be a function. Given two subclasses C;,C; C A, show
that

f(GUC) =f(C)Uf(C)
f(C1NGC) C f(C1) N F(C).

Solution. Given an element y, we have
YyeFf(QQUG) & Ix e GGUG st f(x) =y
& (FAxeCrst f(x) =y) V(@Ex € G5t f(x) =y)
< (Y€ f(C) V(y € f(C)).
Given an element y, we have
YyEF(CING)=>Tx e CiNCyst. f(x) =y
= (Ax e C st f(x) =y) A(Tx € Cyst. f(x) =y)
= (y € f(C))N (¥ € f(C)).
a

Exercise 4. Let f: N — N defined as f(n) = 2" — 1. Is the function injective,
surjective or bijective?

Solution. f is injective, as 2" = 2™ = n = m. f is not surjective because 2” — 1 is
always an odd number. Then, for instance 2 ¢ ran(f). a

Exercise 5. Is N equipotent to N — {1}? is N equipotent to N U {7r}? if the answer
is yes, find a bijective function.

Solution. N ~ N — {1}. In fact g(n) = n + 1 is a bijective function from N — {1}
to N. While

h: NUmr— N, h(x)= 1 %fx=7r

x+1 ifx#m.
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2 SOLUTIONS OF EXERCISES WEEK THREE

This function is surjective. In fact, given n € N, if n = 1, then n = h(n), so
n € ran(h). If n > 2, then n = h(n + 1). Itis injective, because if x,y # 7 we have

h(x)=h(y) =>x+1=y+1=>x=y.
If x = mwand y # m, we have
h(x)=h(y) =>1=y+1=y=0
but, by definition of N, the zero is not an element of N. O
Exercise 6. Let f be the function defined from A = {0,1,2} to B = {3,4} as

f(0) =3, f(1) =3, f(2) =4
Is f injective or surjective? Is there a function g: B -+ A such that go f = id,s?
How many of them?

Solution. f issurjective. Infact, B C ran(f) as3 = f(0) and 4 = f(1). The function
is not injective because f(0) = f(1) = 3. There is no such function g because, on
the contrary,

gof(x)=x
for every x € A would imply
8(f(0)) =0, g(f(3)) =3.
However, f(0) = f(1) = 3. Then g(3) = 0 = 3 which gives a contradiction. Then,
there are no functions g such that go f =idg4. O

Exercise 7. Let A and B be two classes such that #4 = n and #B = m. How many
different functions are f: A — B.

Exercise 8. For each element of A we have m different choices in B. Then, there
are m" functions.

Exercise 9. In the example

N |R

O OO R
O Oo|o|Io=
ol R oOolN
= !

What are the sets and proper classes? which of the following classes exist
xNy, ynz, xUz {x}, {y}, {D}, © 7
Is Axiom 2 satisfied? is Axiom 3 satisfied?

Solution.

Sets: x,y,z.

Proper classes: D.

xNy = {x} N =0 =y.So, x Ny exists because x Ny = y.
ynz=y.

xUz = {x} U{y,z} = {x,y,z} which exists because it is equal to D.
{x} ==

Ay}



#{D} because D is a proper class.
O =y.
% = D.

Axiom 2 is not satisfied, because, for example {y} does not exist. In order to check
Axiom 3, we look at the pairs

Pairs: x,z.

We compare the pairs with the sets, which are x,y,z. Then all the pairs are sets.
Then Axiom 3 holds. u



SOLUTIONS OF THE EXERCISES WEEK FIVE

Exercise 1. Le f: A — Bbe a function such that there are two functions g1, g2: B —
A such that

gi°f=idA/ fogi =ldB
Prove that g1 = g».

Solution. We take the composite function
(§10f) o082 =idgogr = g-
On the other hand
(g10f)oga=g10(fog)=g10idp =g
Then g1 = . O
Exercise 2. Given three classes A, B and x, is it true or false that

(@ ACB=>A—xCB—x
b)) AcB=>A—-x€B—x.

Solution. (a). Itistrue. Ify € A —x, then (y € A) A (y ¢ x). Since A C B, we have
yeAAyEx)= (Y EB)A(y£x)
(b). It is false. For instance, A = {0,1} and B = {{0,1}}, clearly, A € B. If
x = {0}, then
A—-x={1}¢B—x=B.

Exercise 3. Let x := (a,b) be an ordered pair. Find the following classes:
u(nx), N(Ux—nNx).
Solution. We have

Nx = {a,b} N {a} = {a}.
Then U(Nx) = a. If a # b, then

Ux—nNx={b}, N(Ux—nNx)=>b.
If a = b, then Ux — Nx = O, so the generalized intersection is not defined. O
Exercise 4 (A2 + A3 + A4). Suppose that the three axioms A2, A3 and A4 hold.
Suppose that there exists a set x. Then, there are infinitely many sets.

Solution. From A2, there exists @. From A4, x C @ implies @ is a set. Now,
suppose that there are finitely many sets many sets

(1) ®/x2/---/xn

all different from each other. Still, from A3, we have the sets

03 {0}, {x2}, {3}, .-, {xn}

all different from each other. Moreover, there is the emptyset. So, there are n + 1

sets. O
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2 SOLUTIONS OF THE EXERCISES WEEK FIVE

Exercise 5. Let A and B be two classes, both non-empty. Are the following impli-
cations true or false?

(@) ACB=>UAC UB
(b) AC B=NBCNA.

Are the converse implications true?

Solution.
(@). x e UA = Jy € As.t. x € y. Since A C B, we have
dyeAstxcy=dyeBst.xcy=x <€ UB.

The converse is not true. For instance, if 4, b, ¢ are three sets different from each
other, we define

A={{ab},{bc}}, B={{abc}}, A ¢_ B.
However,
UA =UB={a,b,c}.

(b). x e NB = (Vy € B)x € y. Since A C B, we have x € y for every y € A. Then
x € NA. The converse implication is not true. Consider the example

A={{a}}, B={{b},{c}}.
Then A ¢ B,butNB =@ C NA. O

Exercise 6. Is A2 equivalent to any of the following statements?

(a) given a statement p(x) there exists a class R such that p(R) it is true
(b) given a statement p(x) there exists a class R such that

x € R& xisasetand x € R.

(c) given a statement p(x) there exists a set R such that
x € R & xisasetand p(x) is true
(d) given a statement p(x) there exists a class R such that

x € R & p(x) is true.

Solution.

(a). A2 does not imply (a). In fact, here ”p(x)” has been replaced with "p(R)”. For
instance, if we define p(x) : x € x, there is not class R satisfying the property p.

(b). (b) does not imply A2. In the statement “p(x)” does not appear at all. Conse-
quently, the new statement, “there exists a class R such that x € R < xisasetand
x € R” is always true, regardless whether A2 is satisfied or not.

(c). A2is equivalent to (c).
(d). A2 does not imply (d). An example is given from the Russell Class. O

Exercise 7. Is it true that R =~ R — {0}? is yes, find a bijective function.

Solution. We can define explicitly a bijective function

_ [x+1 ifxeNU{0}
g(x) = {x if x ¢ NU {0}.



Exercise 8. Let f: A — B be a function. Given two subclasses D1, D, C A, show
that

f(D1UDy) = f(D1) Uf(D2)
f(D1NDy) = f(D1) N f(Dy).
Solution.
x € f(D1UD,) & f(x) € D1UDy & (f(x) € D) V (f(x) € Dy)
& (x € f(D1)) V (x € f(Dy)).
x € f(D1NDy) & f(x) € DyNDy & (f(x) € D1) A(f(x) € Dy)
& (x € f(D1)) A (x € f(Dy)).



EXERCISES WEEK SEVEN

Exercise 1 (Al + A2 + A3). Given 4, b be two sets. Prove that U(UA x B) = AUB.

Exercise 2 (A2 + A3). Let f: A — B be a function. As a function f is also a class.
Prove that f ~ A.

Exercise 3. Prove that N ~ N x {0, 1} (that is, find a bijective function).

Exercise 4. In the set of natural numbers, consider the order relation given by
(n,m) € R if and only if n | m. Find a maximal chain.

Exercise 5 (A1 + A2 + A3 + A4). Let A, B be two classes. Prove that there are two
classes C~ Aand D ~ Bsuchthat CND = @.
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EXERCISES OF WEEK NINE

Exercise 1. Let C;,C; C A be two chains in the order relation (A,<). IsC;NCy a
chain?
Exercise 2. In (A, <) we consider the relation
xGy : x is comparable to y.

Prove that if (A, <) is a FOC, then G is an equivalence relation. Is the converse
true? that is, if G is an equivalence relation is it true that (A, <) a FOC?
Exercise 3. Let A be a non-empty class. Prove that every Choice Function is sur-
jective.
Exercise 4. During the final exam, a student has to solve the following exercise:

”find a Choice Function for the set A = {0,1,2,3}".

Unfortunately, he did not study Choice Functions. The only thing he remembers
is that a Choice Function is a function defined on #(A)* to A, but nothing else.
Then, he decides to write on his exam sheet a randomly chosen function from
P (A)* to A, hoping that it will match a Choice Function.

(1). What are the chances that he will give a correct answer to the exercise?

(2). By the way, find a Choice Function for the set A = {0,1,2,3}.

Exercise 5. In a homework for a course of Set Theory, a professor gives to the stu-
dents an exercise where they have to find an injective Choice Function on a par-
ticular set given by the professor. All the students solve the exercise and find the

same Choice Function! However, they worked independently on the homeworks
and never met or send messages to each other during the weekends.

Can you explain how this is possible?

Exercise 6 (A1-A6). Let A and B be two non-empty sets. We define S, as the class
of the functions f such that dom(f) C A and ran(f) C B. Prove that S is a set.
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