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Concentrated-compactness of minimizing sequences

We are given the two functionals
E,C: HY(RV;RF) - R
and the constraint
M, = {uc H*| C(u) = o}.

A minimizing sequence (u,) of (E, M,) exhibits a
concentration-compactness behaviour if there exists (y,) € RV and
u € H* such that

Un(- + ¥n)(x) := un(x + yn)

converges to u in H'. If this happens for every minimizing sequence, we
say that 0 € Q C R.



From concentration-compactness of the minimizers of (E, M,,) it follows
the existence and orbital stability of standing-waves solutions to
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Systems of non-linear Klein-Gordon equations

Given 1 < k, a system of NLKG equation is
(k-NLKG) Onvi + mivi +0,G(v) =0, 1<i<k

where
v(t,-) € HY(R";C)

for every t and
O<mi=m <mp <--- < my.

If the standing-wave v
vi(t,x) == ui(x)e™t,  (u,w) € HHRN;R¥) x R*
solves (k-NLKG), then u solves the elliptic problem

—Auj + (m? — w}u; + 8,,G(u) = 0.



The variational setting

In turn, a solution of the elliptic problem can be obtained as a critical
point of

E: HYRY;RF) x RFK - R
1 K
E(u,w) := 5/ <Z IVuil? + (w? + m?)u? + 2kG(u)>
RY \i=1
on the constraint
M, = {(u,w) € H' x R* | C(u,w) = cr}

where

k
Clu,w) = w;/ u?.
() =3 [



Assumptions on G

m G is continuous

m there are 2 < p < g such that

1G6(2)] < e(|2)” + 12]%);

in the case N > 3, we assume that g < % too

K
: 1 21_12
F(z) := G(z)+§;m,|z,-| >0

(1) For which values of o, we have o € Q7

(2) if (u,w) is a minimum, for which i's u; # 07



We define

B = (2 inf F(z))1/2 = <2Iiminf F(Z))1/2 —m

220 |22 20 Tzl

and
(o) := i/\QfE L(o) := @.

In general, Sk < pu.

L is non-negative, strictly decreasing and inf(L) = k.

(i) If Bk = w, then E does not achieve its infimum on M,
(it) if Bk < u, then o € Q if L(0) < p.

In case (ii), the set Q # (.



We define
K:={1,2,...,k}.

Given J C K
Y(J)i={zeR|i¢gJ = z =0}
1/2
By :—< inf F(Z)>

zex(J) |z|?

if J#£0, and By := p.

For every 1 < m < k, we define

Ym := min{By | #H = m}.

So, 70 = p and Ym < Ym-1.



We assume that Sk < p and L(o) < pu. So o € Q.

Let u be a minimum of E over M, and 1 < m < k. If

L(U) < Yk—m

there are at least k — m + 1 non-trivial components.

In particular, all the components of u are non-trivial if L(o) < vk—1.



The case L(0) < vx—1: minima are completely non-trivial

If (u,w) € M, is a minimum.
ui=0 = u(x) e K—{i}

E(u,w) _ . . E(u,w)
C(u,w) = |gf C(u,w)

_ (fRN IVul? +2 [on F(u)>

lull?

L(o) =

1/2

> Br—{iy = Tk-1

We obtain a contradiction with L(o) < vk_1.



Proof: the vanishing case

Let (up,wn) be a minimizing sequence for (E, M,).

Suppose that .
U;( + y") -0

for every 1 < j < k and every sequence (y,). Then, by Lemma I.1
(P. L. Lions, 1984)

nll e 0 2 )
||U||L(RN)—> <P<N_2

1/2 k ; 1/2
L(O_),_VE(un,mZ<2fRNF(un)) :<z,-_1m%|un||iz> -

>m=p.
C(up,wn) l|unl22 lunl|Z2



The dichotomic case

For every 7 < o
L(o) < L(7)

and equality holds if L(7) = L(c) = m (rescaling argument).
If (u,) does not vanish, there exists (y,) such that
Un(' + )/n) —u

such that u # 0. If
7:=Cluy,w)<o

we obtain a contradiction.



Final remarks and extensions

1
2) in [8], less is known about

(1) In [5], when k =1and g <2+ 4/N, Q= (0,+0)
(2)
(3) we prove that Q := {L < m}
(4)
(3)

4) we expect solutions with trivial components if v, < L(0) < Ym—1
5) the critical case g = 2N/(N — 2): sequences as

u(- + ) + Ry2v(Ra(- + 22))

may arise.



