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What is this about?

A problem on ultrafilters
(arising from their applications in Ramsey theory)
which led to a notion with several characterisations

and was solved by looking at it from different viewpoints:
density theory, nonstandard analysis, model theory,. ..

In this talk, we mainly adopt the latter.
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Definable types
Review of the basics

T complete, work in a monster, a,b,...,x,y, ... finite tuples

® q(y) € S(M) is definable iff each dyp == {d € M : ¢(y,d) € q(y)} is M-definable.
e If AD M, define q | A as

p(y,a,d) € (q| A) < adFdgp
L4 FOI“ deﬁnable p, q € S(M), deﬁne p(CL‘) ® q(y) as @ you may be used to “backwards” notation
(a,b) Fp(x) ®qly) < aFpandbFq| Ma

Example M = (Q,<) and ¢(y) ={y >d:d € M}. Then q(z)®q(y)Fz <y

® p® q is itself definable and ® is associative.
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® Suppose (M, +,...) expands a S€MIigroup (commutative, as here, or not)

e Say all p € S1(M) happen to be definable (happens over every M <= T stable)

¢ Push ® forward along +, i.e. define cE p® ¢ <= F(a,b) EpRq (a+b=rc).
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¢ Previous model-theoretic usage: definable topological dynamics,
connections with G/G% and definable amenability. . .

e . . usually in tame contexts, e.g. NIP.
e We will work with all possible (single-sorted) theories with a countabl(y infinitye model.
L InCludlng your faVOurite (consistent) set theOI“y (in a countable language).

e All of them together on the same set. So forget about tameness.



Types and tensors Sobot’s Congruences Filtered filters
ooe 00 0000

Into the wild
HIC SVNT TENSORES
® Let M be Z with the full structure: every subset of every Z" is ()-definable.



Types and tensors Sobot’s Congruences Filtered filters
ooe 00 0000

Into the wild
HIC SVNT TENSORES
® Let M be Z with the full structure: every subset of every Z" is ()-definable.
e Over M, all types are (-definable.



Types and tensors Sobot’s Congruences Filtered filters
ooe 00 0000

Into the wild
HIC SVNT TENSORES
® Let M be Z with the full structure: every subset of every Z" is (-definable.
e Over M, all types are (-definable. S;(M) = BZ := Space of ultrafilters over Z.



Types and tensors Sobot’s Congruences Filtered filters
ooe 00 0000

Into the wild
HIC SVNT TENSORES
® Let M be Z with the full structure: every subset of every Z" is (-definable.
e Over M, all types are (-definable. S;(M) = BZ := Space of ultrafilters over Z.
® Fact (Puritz): (a,b) tensor iff for V (-definable f either f(b) € Z or |a| < |f(D)].



Types and tensors
ocoe

Into the wild
HIC SVNT TENSORES
Let M be Z with the full structure: every subset of every Z" is ()-definable.
Over M, all types are (-definable. S;(M) = BZ = Space of ultrafilters over Z.
Fact (Puritz): (a,b) tensor iff for V (-definable f either f(b) € Z or |a|] < |f(b)].
Corollary: g nonrealised, (a,b) Fp®q,(b,c) Fq®r = (a,c) Ep®r.



Types and tensors
ocoe

Into the wild
HIC SVNT TENSORES
Let M be Z with the full structure: every subset of every Z" is ()-definable.
Over M, all types are (-definable. S;(M) = BZ = Space of ultrafilters over Z.
Fact (Puritz): (a,b) tensor iff for V (-definable f either f(b) € Z or |a|] < |f(b)].
Corollary: g nonrealised, (a,b) Fp®q,(b,c) Fq®r = (a,c) Ep®r.

FALSE in general, e.g. random graph



Types and tensors
ocoe

Into the wild
HIC SVNT TENSORES
® Let M be Z with the full structure: every subset of every Z" is (-definable.
e Over M, all types are (-definable. S;(M) = BZ := Space of ultrafilters over Z.
® Fact (Puritz): (a,b) tensor iff for V (-definable f either f(b) € Z or |a| < |f(D)].
e Corollary: ¢ nonrealised, (a,b) F p® q,(b,c) Eq®@r = (a,c) Ep®r.
FALSE in general, e.g. random graph

¢ Spelling out &, with + the usual sum, A€ p®q < {n:A—necq}lep



Types and tensors
ocoe

Into the wild
HIC SVNT TENSORES
® Let M be Z with the full structure: every subset of every Z" is (-definable.
e Over M, all types are (-definable. S;(M) = BZ := Space of ultrafilters over Z.
® Fact (Puritz): (a,b) tensor iff for V (-definable f either f(b) € Z or |a| < |f(D)].
e Corollary: ¢ nonrealised, (a,b) F p® q,(b,c) Eq®@r = (a,c) Ep®r.
FALSE in general, e.g. random graph (note: historically ®, @ were first defined on ultrafilters)

¢ Spelling out &, with + the usual sum, A€ p®q < {n:A—necq}lep



Types and tensors
ocoe

Into the wild
HIC SVNT TENSORES
® Let M be Z with the full structure: every subset of every Z" is (-definable.
e Over M, all types are (-definable. S;(M) = BZ := Space of ultrafilters over Z.
® Fact (Puritz): (a,b) tensor iff for V (-definable f either f(b) € Z or |a| < |f(D)].
e Corollary: ¢ nonrealised, (a,b) F p® q,(b,c) Eq®@r = (a,c) Ep®r.
FALSE in general, e.g. random graph (note: historically ®, @ were first defined on ultrafilters)
¢ Spelling out &, with + the usual sum, A€ p®q < {n:A—necq}lep
A typical application in Ramsey theory/additive combinatorics:

Theorem (Hindman)

V finite colouring of Z, there are (2;)i<w s.t. all z;, + ...+ z;, have the same colour.



Types and tensors
ocoe

Into the wild
HIC SVNT TENSORES
® Let M be Z with the full structure: every subset of every Z" is (-definable.
e Over M, all types are (-definable. S;(M) = BZ := Space of ultrafilters over Z.
® Fact (Puritz): (a,b) tensor iff for V (-definable f either f(b) € Z or |a| < |f(D)].
e Corollary: ¢ nonrealised, (a,b) F p® q,(b,c) Eq®@r = (a,c) Ep®r.
FALSE in general, e.g. random graph (note: historically ®, @ were first defined on ultrafilters)
¢ Spelling out &, with + the usual sum, A€ p®q < {n:A—necq}lep
A typical application in Ramsey theory/additive combinatorics:

Theorem (Hindman)
V finite colouring of Z, there are (2;)i<w s.t. all z;, + ...+ z;, have the same colour.
Proof. Use Ellis theory to find v € 8Z with 0 < u = u ® u.



Types and tensors
ocoe

Into the wild
HIC SVNT TENSORES
® Let M be Z with the full structure: every subset of every Z" is (-definable.
e Over M, all types are (-definable. S;(M) = BZ := Space of ultrafilters over Z.
® Fact (Puritz): (a,b) tensor iff for V (-definable f either f(b) € Z or |a| < |f(D)].
e Corollary: ¢ nonrealised, (a,b) F p® q,(b,c) Eq®@r = (a,c) Ep®r.
FALSE in general, e.g. random graph (note: historically ®, @ were first defined on ultrafilters)
¢ Spelling out @, with + the usual sum, A€ p®q < {n: A—ne€q}ep
A typical application in Ramsey theory/additive combinatorics:

Theorem (Hindman)
V finite colouring of Z, there are (2;)i<w s.t. all z;, + ...+ z;, have the same colour.
Proof. Use Ellis theory to find v € 8Z with 0 < u = u @ u. Pick the colour A € u.



Types and tensors
ocoe

Into the wild

HIC SVNT TENSORES
Let M be Z with the full structure: every subset of every Z" is ()-definable.
Over M, all types are (-definable. S;(M) = BZ = Space of ultrafilters over Z.
Fact (Puritz): (a,b) tensor iff for V (-definable f either f(b) € Z or |a|] < |f(b)].
Corollary: g nonrealised, (a,b) Fp®q,(b,c) Fq®r = (a,c) Ep®r.
FALSE in general, e.g. random graph (note: historically ®, @ were first defined on ultrafilters)
¢ Spelling out @, with + the usual sum, A€ p®q < {n: A—ne€q}ep
A typical application in Ramsey theory/additive combinatorics:
Theorem (Hindman)

V finite colouring of Z, there are (2;)i<w s.t. all z;, + ...+ z;, have the same colour.

Proof. Use Ellis theory to find v € 8Z with 0 < u = u @ u. Pick the colour A € u.
Since u = u ® u, there is zgp € A with AN (A — 2p) € u.



Types and tensors
ocoe

Into the wild
HIC SVNT TENSORES

® Let M be Z with the full structure: every subset of every Z" is (-definable.
e Over M, all types are (-definable. S;(M) = BZ := Space of ultrafilters over Z.
® Fact (Puritz): (a,b) tensor iff for V (-definable f either f(b) € Z or |a| < |f(D)].
e Corollary: ¢ nonrealised, (a,b) F p® q,(b,c) Eq®@r = (a,c) Ep®r.

FALSE in general, e.g. random graph (note: historically ®, @ were first defined on ultrafilters)
¢ Spelling out @, with + the usual sum, A€ p®q < {n: A—ne€q}ep
A typical application in Ramsey theory/additive combinatorics:
Theorem (Hindman)
V finite colouring of Z, there are (2;)i<w s.t. all z;, + ...+ z;, have the same colour.
Proof. Use Ellis theory to find v € 8Z with 0 < u = u @ u. Pick the colour A € u.

Since u = u @ u, there is zg € A with AN (A — 2p) € u. Again since u = u @ u, there
is21€ AN(A—2) with AN(A—20)N(A—21)N(A—(20+ 21)) € u.



Types and tensors
ocoe

Into the wild
HIC SVNT TENSORES

® Let M be Z with the full structure: every subset of every Z" is (-definable.
e Over M, all types are (-definable. S;(M) = BZ := Space of ultrafilters over Z.
® Fact (Puritz): (a,b) tensor iff for V (-definable f either f(b) € Z or |a| < |f(D)].
e Corollary: ¢ nonrealised, (a,b) F p® q,(b,c) Eq®@r = (a,c) Ep®r.

FALSE in general, e.g. random graph (note: historically ®, @ were first defined on ultrafilters)
¢ Spelling out @, with + the usual sum, A€ p®q < {n: A—ne€q}ep
A typical application in Ramsey theory/additive combinatorics:
Theorem (Hindman)
V finite colouring of Z, there are (2;)i<w s.t. all z;, + ...+ z;, have the same colour.
Proof. Use Ellis theory to find v € 8Z with 0 < u = u @ u. Pick the colour A € u.

Since u = u @ u, there is zg € A with AN (A — 2p) € u. Again since u = u @ u, there
is21€ AN(A—2) with AN(A—20)N(A—21)N(A—(20+ 21)) € u. Repeat. [



Types and tensors
ocoe

Into the wild
HIC SVNT TENSORES
® Let M be Z with the full structure: every subset of every Z" is (-definable.
e Over M, all types are (-definable. S;(M) = BZ := Space of ultrafilters over Z.
® Fact (Puritz): (a,b) tensor iff for V (-definable f either f(b) € Z or |a| < |f(D)].
e Corollary: ¢ nonrealised, (a,b) F p® q,(b,c) Eq®@r = (a,c) Ep®r.
FALSE in general, e.g. random graph (note: historically ®, @ were first defined on ultrafilters)
¢ Spelling out @, with + the usual sum, A€ p®q < {n: A—ne€q}ep
A typical application in Ramsey theory/additive combinatorics:

Theorem (Hindman)
V finite colouring of Z, there are (2;)i<w s.t. all z;, + ...+ z;, have the same colour.

Proof. Use Ellis theory to find v € 8Z with 0 < u = u @ u. Pick the colour A € u.
Since u = u @ u, there is zg € A with AN (A — 2p) € u. Again since u = u @ u, there
is21€ AN(A—2) with AN(A—20)N(A—21)N(A—(20+ 21)) € u. Repeat. [

Want finite products instead? Work in (8Z, ®).
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Definition (Sobot)
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Example
Let w be an infinite prime. Then w %, 0.

Maybe there is a better notion of congruence?
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Definition (Sobot)
u =y v iff there are some d F w and (a,b) F u® v such that d | (a —b).

(recall: u =5 v iff for some/all (d,a,b) F w ® u ® v we have d | (a — b)
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Definition (Sobot)
u =y v iff there are some d F w and (a,b) F u® v such that d | (a —b).

(recall: u =5, v iff for some/all (d,a,b) F w ® u ® v we have d | (a — b)

w

¢ Equivalently, all |-upward-closed sets (unions of nz) in w are also in u © v.

(this was actually the original definition) (recall: u =5, v iff {n:nZ € u O v} € w)



Types and tensors Sobot's Congruences Filtered filters
000 oce 0000

Weak congruence

Definition (Sobot)
u =y v iff there are some d F w and (a,b) F u® v such that d | (a —b).

(recall: u =5, v iff for some/all (d,a,b) F w ® u ® v we have d | (a — b)

w

¢ Equivalently, all |-upward-closed sets (unions of nz) in w are also in u © v.
(this was actually the original definition) (recall: u =5, v iff {n:nZ € u O v} € w)

e (Clearly, w =, 0 always holds: take d = a.
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Definition (Sobot)
u =y v iff there are some d F w and (a,b) F u® v such that d | (a —b).

(recall: u =5, v iff for some/all (d,a,b) F w ® u ® v we have d | (a — b)

w

¢ Equivalently, all |-upward-closed sets (unions of nz) in w are also in u © v.
(this was actually the original definition) (recall: u =5, v iff {n:nZ € u O v} € w)

e (Clearly, w =, 0 always holds: take d = a. But there’s a deeper issue:
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Weak congruence

Definition (Sobot)
u =y v iff there are some d F w and (a,b) F u® v such that d | (a —b).

(recall: u =5, v iff for some/all (d,a,b) F w ® u ® v we have d | (a — b)

w

¢ Equivalently, all |-upward-closed sets (unions of nz) in w are also in u © v.
(this was actually the original definition) (recall: u =5, v iff {n:nZ € u O v} € w)

e (Clearly, w =, 0 always holds: take d = a. But there’s a deeper issue:

Question (Sobot)

Is =, an equivalence relation for all w?
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Weak congruence

Definition (Sobot)
u =y v iff there are some d F w and (a,b) F u® v such that d | (a —b).

(recall: u =5, v iff for some/all (d,a,b) F w ® u ® v we have d | (a — b)

w

¢ Equivalently, all |-upward-closed sets (unions of nz) in w are also in u © v.

(this was actually the original definition) (recall: u =3, v iff {n:n%Z € u© v} € w)

e (Clearly, w =, 0 always holds: take d = a. But there’s a deeper issue:

Question (Sobot)
Is =, an equivalence relation for all w?

Answer (DLMPR) No.
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Weak congruence

Definition (Sobot)
u =y v iff there are some d F w and (a,b) F u® v such that d | (a —b).

(recall: u =5, v iff for some/all (d,a,b) F w ® u ® v we have d | (a — b)

w

¢ Equivalently, all |-upward-closed sets (unions of nz) in w are also in u © v.
(this was actually the original definition) (recall: u =5, v iff {n:nZ € u O v} € w)

e (Clearly, w =, 0 always holds: take d = a. But there’s a deeper issue:
Question (Sobot)

Is =, an equivalence relation for all w?

Answer (DLMPR) No.
e Failure of symmetry: there are u, v such that
u S v is squarefree but v & u is not.
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Weak congruence

Definition (Sobot)
u =y v iff there are some d F w and (a,b) F u® v such that d | (a —b).

(recall: u =5, v iff for some/all (d,a,b) F w ® u ® v we have d | (a — b)

w

¢ Equivalently, all |-upward-closed sets (unions of nz) in w are also in u © v.
(this was actually the original definition) (recall: u =5, v iff {n:nZ € u O v} € w)

e (Clearly, w =, 0 always holds: take d = a. But there’s a deeper issue:

Question (Sobot)
Is =, an equivalence relation for all w?

Answer (DLMPR) No.
e Failure of symmetry: there are u,v such that Theorem (DLMPR)
u S v is squarefree but v & u is not. If BD(A) > 0 and AL s thick

there are u,v € SZ \ Z such that
Acudvand A € v @ w.
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Weak congruence

Definition (Sobot)
u =y v iff there are some d F w and (a,b) F u® v such that d | (a —b).

(recall: u =5, v iff for some/all (d,a,b) F w ® u ® v we have d | (a — b)

w

¢ Equivalently, all |-upward-closed sets (unions of nz) in w are also in u © v.
(this was actually the original definition) (recall: u =5, v iff {n:nZ € u O v} € w)

e (Clearly, w =, 0 always holds: take d = a. But there’s a deeper issue:

Question (Sobot)
Is =, an equivalence relation for all w?
Answer (DLMPR) No.
e Failure of symmetry: there are u,v such that Theorem (DLMPR)
u & v i8 squarefree but v © u is not. If BD(A) > 0 and A i thick,

e Failure of transitivity: take any infinite w there are u,v € Z \ Z such that
containing all nZ 4+ 1. Then 0 =, w =, 1. Acudv z;nd ACc o ® .
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Question
For which w is =, an equivalence relation? Any w ¢ Z at all?
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Good congruence bases

Question
For which w is =, an equivalence relation? Any w ¢ Z at all?

Say d | (a —b) and d' | (b— ¢), with (a,b,¢) Ep®q¢®r and d,d F w.
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Good congruence bases

Question
For which w is =, an equivalence relation? Any w ¢ Z at all?

Say d | (a —b) and d' | (b— ¢), with (a,b,¢) Ep®q¢®r and d,d F w.

If there is d” | d,d’ with d” F w, then =,, is transitive.

Filtered filters
€000
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Types and tensors

Good congruence bases

Question
For which w is =, an equivalence relation? Any w ¢ Z at all?

Say d | (a —b) and d' | (b— ¢), with (a,b,¢) Ep®q¢®r and d,d F w.

If there is d” | d,d’ with d” F w, then =,, is transitive.

It turns out this also necessary:

Theorem (DLMPR)

The following are equivalent for w € SZ \ {0}:

1. Vd,d Ew3d" Ewd" | ged(d,d) (e for t amonster, (w(s), |) is downward directed, or filtered)

2. =, 1s transitive
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Types and tensors

Good congruence bases

Question
For which w is =, an equivalence relation? Any w ¢ Z at all?

Say d | (a —b) and d' | (b — ¢), with (a,b,¢) Fp®q®r and d,d' F w.

If there is d” | d,d’ with d” F w, then =,, is transitive.

It turns out this also necessary:

Theorem (DLMPR)

The following are equivalent for w € SZ \ {0}:

1. Vd,d Ew3d" Ewd" | ged(d,d) (e for t amonster, (w(s), |) is downward directed, or filtered)
2. =, 1s transitive

3. =w iS an equivalence l"elation (still open: can it be symmetric but not transitive?)
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Good congruence bases

Question
For which w is =, an equivalence relation? Any w ¢ Z at all?

Say d | (a —b) and d' | (b — ¢), with (a,b,¢) Fp®q®r and d,d' F w.

If there is d” | d,d’ with d” F w, then =,, is transitive.

It turns out this also necessary:

Theorem (DLMPR)

The following are equivalent for w € SZ \ {0}:

1. Vd,d Ew3d" Ewd" | ged(d,d) (e for t amonster, (w(s), |) is downward directed, or filtered)
. =, I8 transitive

— _ —s

2
3. =w iS an equivalence l"elation (still open: can it be symmetric but not transitive?)
4

L =w T =
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Good congruence bases

Question

For which w is =, an equivalence relation? Any w ¢ Z at all?

Say d | (a —b) and d' | (b— ¢), with (a,b,¢) Ep®q¢®r and d,d F w.
If there is d” | d,d’ with d” F w, then =,, is transitive.

It turns out this also necessary:

Theorem (DLMPR)

The following are equivalent for w € SZ \ {0}:

1. Vd,d Ew3d" Ewd" | ged(d,d) (e for t amonster, (w(s), |) is downward directed, or filtered)
. =, I8 transitive
. =y I8 an equivalence relation (stil open: can it be symmetric but not transitive?)

2
3
4, =, ==
5

Cw(@) Q@wW(Y) F x| Y e (ninzew)ew
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Good congruence bases

Question
For which w is =, an equivalence relation? Any w ¢ Z at all?

Say d | (a —b) and d' | (b — ¢), with (a,b,¢) Fp®q®r and d,d' F w.

If there is d” | d,d’ with d” F w, then =,, is transitive.

It turns out this also necessary:

Theorem (DLMPR)

The following are equivalent for w € SZ \ {0}:
Vd,d Ew3d" Ewd" | ged(d,d) (e for &t amonster, (w(s), |) is downward directed, or filtered)
=, 1s transitive

—S

1.
2.
3. =, is an equivalence relation (st open: can it be symmetric but not transitive?)
4. =w = =w

5.

w(z) QW(Y) F X | Y Ge {(n:nzewew

Let’s call such w self-divisible.
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Good congruence bases

Question
For which w is =, an equivalence relation? Any w ¢ Z at all?

Say d | (a —b) and d' | (b — ¢), with (a,b,¢) Fp®q®r and d,d' F w.

If there is d” | d,d’ with d” F w, then =,, is transitive.

It turns out this also necessary:

Theorem (DLMPR)

The following are equivalent for w € SZ \ {0}:
Vd,d Ew3d" Ewd" | ged(d,d) (e for &t amonster, (w(s), |) is downward directed, or filtered)
=, 1s transitive

—S

1.
2.
3. =, is an equivalence relation (st open: can it be symmetric but not transitive?)
4. =w = =w

5.

w(z) QW(Y) F X | Y Ge {(n:nzewew

Let’s call such w Self-divisible. (a previous name we used was division-filtered)
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Examples and non-examples

X Infinite primes: w(z) ® w(y) k- |z| < |y| are primes!

Recall w is self-divisible iff, equivalently:

1.

o~ WD

w(z) @w(y) Fz |y

{n:nZ € w}ecw

(w(),]) is downward directed
=, is an equivalence relation

—  _ —s
Sw ==,
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Examples and non-examples

X Infinite primes: w(z) ® w(y) - |z| < |y| are primes!
v Factorials: w(z) @ w(y) b x < y are factorials!

Recall w is self-divisible iff, equivalently:
w(z) @w(y) Fz |y

{n:nZ € w}ecw

(w(),]) is downward directed

[

=, is an equivalence relation

o~ WD

—  _ —s
Sw ==,
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Examples and non-examples

X Inﬁnlte primes: w(w) ® w(y) l— |x’ < |y‘ are primes! Recall w is self-divisible iff, equivalently:
wz) @w(y) Faly

{n:nZ € w}ecw

(w(),]) is downward directed

[

v Factorials: w(z) @ w(y) b x < y are factorials!

\/ Powers Of 2' (2 factorial, if you wish)

=, is an equivalence relation

o~ WD

—  _ —s
Sw ==,
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Examples and non-examples

X Infinite primes: w(z) ® w(y) - |z| < |y| are primes!
v Factorials: w(z) @ w(y) b x < y are factorials!

v Powers of 2! (2 tactorial, if you wish)

v/ Stuff divisible by every n > 0

Recall w is self-divisible iff, equivalently:
w(z) @w(y) Fz |y
{n:nZecw}ecw

(w(),]) is downward directed

=, is an equivalence relation

[

—  _ —s
=w ==,

o~ WD
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Examples and non-examples

X Infinite primes: w(z) ® w(y) - |z| < |y| are primes!
v Factorials: w(z) @ w(y) b x < y are factorials!
\/ Powers Of 2' (2 factorial, if you wish)

v/ Stuff divisible by every n > 0;
e.g. all @-idempotents and all ®-minimals

Recall w is self-divisible iff, equivalently:
w(z)@w(y) oy

{n:nZ € w} ecw

(w(y), ]) is downward directed

[

=, is an equivalence relation

—  _ —s
=w ==,

o~ WD
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Examples and non-examples

X Inﬁnlte primes: w(x) ® w(y) l— |x’ < |y‘ are primes! Recall w is self-divisible iff, equivalently:

S wE@)Quwy) ke ly
v Factorials: w(z) @ w(y) b x < y are factorials! (ninZew}ew

(w(y), ]) is downward directed
\/ Powers Of 2' (2 factorial, if you wish) =, is an equivalence relation

v/ Stuff divisible by every n > 0; CSw ==
e.g. all @-idempotents and all ®-minimals

v tp(p{t ... p8n/Z), with p; € Z primes and q; infinite.

EEESTIS
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Examples and non-examples

X Inﬁnlte primes: w(x) ® w(y) l— |Qj’ < |y‘ are primeS! Recall w is self-divisible iff, equivalently:
w(z)@w(y) oy

{n:nZ € w} ecw
(w(y), ]) is downward directed

[

v Factorials: w(z) @ w(y) b x < y are factorials!
\/ Powers Of 2' (2 factorial, if you wish)

v/ Stuff divisible by every n > 0;
e.g. all @-idempotents and all ®-minimals

=, is an equivalence relation

o~ WD

—  _ —s
=w ==y,

v tp(p{t ... p8n/Z), with p; € Z primes and q; infinite.

X Infinite stuff divisible by only finitely many (finite) integers.
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Examples and non-examples

X Inﬁnlte primes: w(x) ® w(y) l— |x’ < |y‘ are primeS! Recall w is self-divisible iff, equivalently:
w(z)@w(y) oy

{n:nZ € w} ecw
(w(y), ]) is downward directed

=, is an equivalence relation

[

v Factorials: w(z) @ w(y) b x < y are factorials!
\/ Powers Of 2' (2 factorial, if you wish)

v/ Stuff divisible by every n > 0;
e.g. all @-idempotents and all ®-minimals

o~ WD

=,, = =3
=w ==,

v tp(p{t ... p8n/Z), with p; € Z primes and q; infinite.

X Infinite stuff divisible by only finitely many (finite) integers.
v Stuff divisible by every power of cofinitely many (finite) primes.
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Examples and non-examples

Inﬁnlte primes: w(x) ® w(y) l— |x’ < |y‘ are primeS! Recall w is self-divisible iff, equivalently:
S w@) @uwy) oy

{n:nZ € w} ecw
(w(y), ]) is downward directed

Factorials: w(z) ® w(y) F x < y are factorials!
Powers Of 2' (2 factorial, if you wish)

Stuff divisible by every n > 0;
e.g. all @-idempotents and all ®-minimals

=, is an equivalence relation

o~ WD

=,, = =3
=w ==,

tp(p{* - ... p%/Z), with p; € Z primes and q; infinite.
Infinite stuff divisible by only finitely many (finite) integers.
Stuff divisible by every power of cofinitely many (finite) primes.

FOI" Othel“ Supe’l’natu%ll numbe']ﬂs (functions P — w + 1)(formal products ¢ = HPEP p¥P, if you prefer)
there are both self-divisible w and non-self-divisible w with that divisibility.
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Examples and non-examples

Inﬁnlte primes: w(x) ® w(y) l— |x’ < |y‘ are primeS! Recall w is self-divisible iff, equivalently:
S w@) @uwy) oy

{n:nZ € w} ecw
(w(y), ]) is downward directed

=, is an equivalence relation

Factorials: w(z) ® w(y) F x < y are factorials!

Powers Of 2' (2 factorial, if you wish)

o~ WD

Stuff divisible by every n > 0; =w ==
e.g. all @-idempotents and all ®-minimals

tp(p{* - ... p%/Z), with p; € Z primes and q; infinite.
Infinite stuff divisible by only finitely many (finite) integers.
Stuff divisible by every power of cofinitely many (finite) primes.

FOI" Othel“ Supe’l’natu%ll numbe']ﬂs (functions P — w + 1)(formal products ¢ = HPEP p¥P, if you prefer)
there are both self-divisible w and non-self-divisible w with that divisibility.

Self-divisibles are closed under ©.
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Examples and non-examples

Inﬁnlte primes: w(x) ® w(y) l— |x’ < |y‘ are primeS! Recall w is self-divisible iff, equivalently:
w(z)@w(y) oy

{n:nZ € w} ecw
(w(4h), ]) is downward directed

=, is an equivalence relation

[

Factorials: w(z) ® w(y) F x < y are factorials!

Powers Of 2' (2 factorial, if you wish)

o~ WD

Stuff divisible by every n > 0; =w ==
e.g. all @-idempotents and all ®-minimals

tp(p{* - ... p%/Z), with p; € Z primes and q; infinite.

Infinite stuff divisible by only finitely many (finite) integers.
Stuff divisible by every power of cofinitely many (finite) primes.

FOI" Othel“ Supe’l’natu%ll numbe']ﬂs (functions P — w + 1)(formal products ¢ = HPEP p¥P, if you prefer)
there are both self-divisible w and non-self-divisible w with that divisibility.

Self-divisibles are closed under ©.

But not under @: let w be divisible by every n > 0, take w & 1.
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Theorem (DLMPR)
w is in the closure of SD in fZ \ Z iff
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Topology and algebra
Self-divisibles are dense in SZ: they include Z! What about SZ \ Z?

Theorem (DLMPR)

w is in the closure of SD in BZ \ Z iff every A € w contains an infinite |-chain.
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Topology and algebra
Self-divisibles are dense in SZ: they include Z! What about SZ \ Z?
Theorem (DLMPR)

w is in the closure of SD in BZ \ Z iff every A € w contains an infinite |-chain.

E.g. all ®-idempotents; there are non-self-divisible ones.
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Topology and algebra
Self-divisibles are dense in SZ: they include Z! What about SZ \ Z?
Theorem (DLMPR)
w is in the closure of SD in BZ \ Z iff every A € w contains an infinite |-chain.

E.g. all ®-idempotents; there are non-self-divisible ones.

. (BZ, &)
* (BZ,®)/=, is always a (well-defined) group.

w

Pw

BL/=,,
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Topology and algebra
Self-divisibles are dense in 5Z: they include Z! What about SZ \ Z?

Theorem (DLMPR)
w is in the closure of SD in SZ \ Z iff every A € w contains an infinite |-chain.

E.g. all ®-idempotents; there are non-self-divisible ones.
T A

| (52, ®) @,+)
* (BZ,®)/=, is always a (well-defined) group. l
Pw

w

 The =5 -class of u only depends on 7(u) € Z.

pz/=;
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Topology and algebra
Self-divisibles are dense in 5Z: they include Z! What about SZ \ Z?
Theorem (DLMPR)

w is in the closure of SD in SZ \ Z iff every A € w contains an infinite |-chain.

E.g. all ®-idempotents; there are non-self-divisible ones.

| (BZ, ®) - (Z,+)
* (BZ,®)/=, is always a (well-defined) group.
 The =5 -class of u only depends on 7(u) € Z. pwl 7 l
* Think Z — [[,52Z/nZ. Quotient by w.

BL|=,, 7w
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Topology and algebra
Self-divisibles are dense in 5Z: they include Z! What about SZ \ Z?
Theorem (DLMPR)

w is in the closure of SD in SZ \ Z iff every A € w contains an infinite |-chain.

E.g. all ®-idempotents; there are non-self-divisible ones.

| (BZ, ®) - (Z,+)
* (BZ,®)/=, is always a (well-defined) group.
 The =5 -class of u only depends on 7(u) € Z. pwl 7 l
* Think Z — [[,52Z/nZ. Quotient by w. -

BL|=,, 7w



Filtered filters
0000

Topology and algebra
Self-divisibles are dense in 5Z: they include Z! What about SZ \ Z?
Theorem (DLMPR)

w is in the closure of SD in SZ \ Z iff every A € w contains an infinite |-chain.

E.g. all ®-idempotents; there are non-self-divisible ones.

| (BZ, @) - (Z,+)
* (BZ,®)/=, is always a (well-defined) group.
 The =5 -class of u only depends on 7(u) € Z. pwl 7 l
* Think Z — [[,52Z/nZ. Quotient by w. -
BL/=, = Z)w

Theorem (DLMPR)
w is self-divisible iff ker oy, is
closed
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Topology and algebra
Self-divisibles are dense in 5Z: they include Z! What about SZ \ Z?

Theorem (DLMPR)

w is in the closure of SD in SZ \ Z iff every A € w contains an infinite |-chain.

E.g. all ®-idempotents; there are non-self-divisible ones.

* (BZ,®)/=, is always a (well-defined) group.

w

 The =5 -class of u only depends on 7(u) € Z.

* Think Z — [[,52Z/nZ. Quotient by w.

Theorem (DLMPR)
w is self-divisible iff ker oy, is
closed iff BZ /=3, is profinite

w

(8Z, @) u (Z,+)
Pwl 7 l
BZ/=s, = 2w
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Topology and algebra
Self-divisibles are dense in 5Z: they include Z! What about SZ \ Z?
Theorem (DLMPR)

w is in the closure of SD in SZ \ Z iff every A € w contains an infinite |-chain.

E.g. all ®-idempotents; there are non-self-divisible ones.

| (BZ, ®) - (Z,+)
* (BZ,®)/=, is always a (well-defined) group.
 The =5 -class of u only depends on 7(u) € Z. pwl 7 l
* Think Z — [[,52Z/nZ. Quotient by w. -

BL|=,, — Z]w

Theorem (DLMPR)
w is self-divisible iff ker O 18 a Z/an, ifn= max{k; : ka c ’U}}
closed iff SZ/=3, is profinite iff pw — Z,, otherwise.

BLI=, = HpEP Gp,w
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The full list

Summing up:

Thinking about ultrafilters as
definable types can be fruitful.

Peculiar to this setting:
Puritz’s Theorem on ®.

this also gives a kind of “weak transitivity”;

to be explored

Drawbacks of =, =5,. ..
disappear iff =, ==, ..

iff (BZ,®)/=;, proﬁmte iff —
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Summing up:

e Thinking about ultrafilters as
definable types can be fruitful.

® Peculiar to this setting:
Puritz’s Theorem on ®.

this also gives a kind of “weak transitivity”;

to be explored

® Drawbacks of =, =;,. ..

e disappear iff =, =
e iff (BZ,®)/=, profinite, iff —

D(w) :
w T u
Zy
Pw

__ —s
=0 -

{n:nZ € w}
U =4 0
{u:w]|u}

associated supernatural number

Filtered filters
ocooe

The full list

Theorem 3.10. For every w € 7\ {0}, the following are equivalent.
(1) The ultrafilter w is self-divisible.
(2) The relations =,, and =3, coincide.
(3) The relation =, is an equivalence relation.
(4) For every u, we have w | w if and only if D(w) C D(u).
(5) For every a,b |= w there is ¢ = w such that ¢ | ged(a,b).
Theorem 6.8. The following are equivalent for w € SZ\ {0}.
(1) The ultrafilter w is self-divisible.
(2) Forall B € wthereis A € w such that for all a,a’ € Athereisb € Bwithb | ged(a, d).
(3) Forall B € w there are A € w and b € B such that A C bZ.
(4) Forall B € w there is b € B such that bZ € w.
(5) For all B € wwe have {b € B : bZ € w} € w.
(6) For all k € Z.\ {0} we have that kw i. ivisible.
(7) There are n # m such that w®™"
(8) Forallv, ifw =, 0 thenw =}, 0.
(9) If*Z> a =w, then {b € *Z : b | a} C *D(w).
(10) Z., is closed under & and, whenever v € MAX, ifuv &t € Zyy thenu @t € Zy,
(11) Zy is closed under & and Zy, = 7~(7(Zy)).
(12) Z,, is closed under & and whether w | u only depends on the remainder classes of u
modulo standard n.
(13) The kernel ker(o,) is closed in 7.
(14) BZ/=5, is a procyclic group with respect to the quotient topolog_v
(15) BZ/=5, is a profinite group with respect to some topology.
(16) We have (BZ, &) /=5, = Hpa, G, where Gy, = Ly if 0 (p) = w, and G, = Z/p?e®) 7
otherwise.
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The full list
Summing up: Theorem 3.10. For every w € BZ\ {0}, the following are equivalent.
. . (1) The ultrafilter w is self-divisible.
[} Thlnk]ng about ultraﬁlters as (2) The relations =,, and =3, coincide.
. (3) The relation =, is an equivalence relation.
definable types can be fruitful. @ Foreveryu, we have w | wifand onty if D(w) € D(w).
(5) For every a,b |= w there is ¢ = w such that ¢ | ged(a,b).
® Peculia]:‘ to th]S Setting: Theorem 6.8. The following are equivalent for w € SZ\ {0}.
. ) (1) The ultrafilter w is self-divisible.
Purltz S Theorem on ®. L (2) Forall B € wthereis A € w such that for all a,a’ € Athereisb € Bwithb | ged(a, d).
this also gives a kind of “weak transitivity”; (3) Forall B € w there are A € w and b € B such that A C bZ.
(4) Forall B € w there is b € B such that bZ € w.
to be explored (5) For all B € wwe have {b € B : bZ € w} € w.
(6) For all k € Z.\ {0} we have that kw is s
L Dl"a.WbaCkS Of Ew, Ei} . (7) There are n # m such that w®" =5
(8) Forallv, ifw =, 0 thenw =}, 0.
Y 3 3 — — =S (9) If*Z> a = w, then {b € *Z : b | a} C *D(w).
dlsappea’r lff —w —w " (10) Z., is closed under & and, whenever v € MAX, ifuv &t € Zyy thenu @t € Zy,

. . . (11) Zy is closed under & and Zy, = 7~(7(Zy)).
—S L
® lﬁ (/627 EB) /:w prOﬁnlteg lff — (12) Z,, is closed under & and whether w | u only depends on the remainder classes of u

D = :nZ modulo standard n. .
(w) {n:nZ € w} (13) The kernel ker(o,) is closed in Z.

w T U= U =4 0 (14) BZ/=5, is a procyclic group with respect to the quotient topolog_v
_ (15) BZ/=5, is a profinite group with respect to some topology.
Zyw = {u:w|u} (16) We have (BZ, &) /=5, = Hpa) G, where Gy, = Ly if i (p) = w, and G, = Z/p?e®) 7

(4 = associated supernatural number otherwise.
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Thanks for listening! ¥ o

details



	Types and tensors
	Šobot's Congruences
	Filtered filters

