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1 MGM for variational problems

1.1 Linear stationary iterative methods

We want to consider a system of linear algebraic equations
Az =1b (1.1)

where A € R™*™ is a symmetric positive definite matrix (SPD) (or Hermitian
in the complex case). Let B be an approximation of A~! and consider the
iteration

Tpo1 =Grp+d  k=0,1..., (1.2)

where G = I — BA is the iteration matrix/iterator or the error propagation
matrix. If 2* is a solution of (1.1), then z* is a fixed point of (1.2). The
error is given by

e, =2, — 0 = Gep_1,

thus
€L = ero (1.3)

Definition 1.1. The iteration (1.2) is called convergent if for any initial
point zg € R™,

lim z = z*
k—o0

Definition 1.2 (Spectral radius). Let A € R™*™ and let A; fori =1,...,n.
Then the spectral radius is defined by

p(A) = max \;.

Proposition 1.3. Let G € R™™"™. Then iteration (1.2) is convergent if and

only if limy_,oo G* = 0 and if and only if p(G) < 1.

Proof. Easy. Exercise O
1/k

Remark 1.4. It can be shown that limk%mHGkH = p(Q).

Classical iterative methods (Gauss-Seidel, Jacobi) are based on the split-
ting A= M — N. In this case G = M~ IN =1 — M 'A.

Example 1.5. Let A= D — L —U, where D, —L, —U are the diagonal, the
lower and the upper triangular part of A respectively. The Jacobi method is
characterized by M = D and N = L+ U. The Gauss-Seidel is characterized
by M = D — L. For example, the iteration of GS becomes

(D — L)y = Uzp, +b (1.4)



Definition 1.6. A matrix A = (a;;) is called weakly diagonally dominant if
|ai;| > Z}az‘j‘
i)
and there exists an index ig such that the inequality is strict

Definition 1.7. A matrix A is called irreducible if there exists no permuta-
tion matrix P such that

AH 0

PTAP =
Ag1 Agp

where A1, € RF¥F with k& > 1.

Theorem 1.8 (Row sum criterion). Let A € R"*" be an irreducible weakly
diagonally dominant matriz. Then GSS and Jacobi methods converge.

Proof. Easy. Check the spectral radius of the iteration matrix and use Ger-
schgorin theorem. It can be found in D.Breuss, Finite elements, Cambridge
University Press. O

Example 1.9. The successive over-relaxation method (SOR) is defined by
Dzpy1 = w(Lzy + Uz +b) + (1 — w) Dy, E=0,1,..., (1.5)
with w €]0, 2].

Theorem 1.10. If A € R™™ is a symmetric matriz with positive diagonal
entries, then the SOR method converges if and only if A is symmetric positive
definite.

Proof. Same book as before. O

1.2 A model problem by Courant
We want to solve the following Poisson problem

{—Au:finQ:mJF

. (1.6)
u=0 inI =090

() is partitioned by a uniform mesh of isosceles right-angled triangles T as
depicted in 1. For (1.6) we want to use an appropriate Galerkin methods
with piece-wise continuous trial and test functions

vp € Vi i={u € C(Q): uyr is linear V1" € T }.

Every function v, € V}, is determined on every triangle 1" € 7}, uniquely
by its three function values in the vertices of T. Moreover, every v, € V} is



Figure 1: Partitioning of the unit square [0, 1]2.
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determined uniquely globally by its values in all the N := (n — 1)? interior
vertices (nodes) of 7. We then choose a basis {¥;}, of V}, such that
VU,(xj,y;) = 6;; and thus we have dim V}, = N.

The Galerkin method then reads: Find vy, € V}, such that

a(up,vp) = /QVuthh dx = /quh dr =: F(up) Yup € Vp (1.7)

Substituting wuy, in the basis coordinates and testing for all the vector of the
basis one finds that (1.7) is equivalent to the linear system

Au = f, (1.8)

where A is the stiffness matriz A;; = a(¥;, ¥;). In order to determine the
entries A;; we observe that for a basis function ¥, that takes the value 1 in
the node (vertex) ¢ we have

Aii = a(\Ilc, \I’c) = / (V\IJC)2 diEdy
1...8

:/ [81\1’24-82\1/2] dedy =--- =4
14344
For the off-diagonal entries we obtain

a(Ue, Un) =a(Ve, Un) = a(V,,Uy) =a(P,, ¥y) =—1 (1.9)
a(Ve,Yyw) =+ =a(V,,¥gg) =0 (1.10)

In summary the linear system reads

ATij — T(i11)j — T(i-1)j — Ti(j+1) — Ti(j—1) = bij for 1 <4,5 <n—1,
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where the convention is to drop all the indices 0 and n (boundary condition).

Obviously the matrix A is irreducible and weakly diagonally dominant,
therefore GSS and Jacobi methods are convergent, but extremely slow. We
may also note that A is the same matrix we would obtain from the finite
differences method.

1.3 Smoothing property of classical iterative methods

We study the Jacobi methods as a typical example. For the model problem
we considered, we have that

Gj:Dfl(L—U):I—DflA:I—iA,

so G has the same eigenvectors of A. We can denote them by Zb™ | with
1 <I,m <n — 1. Using trigonometric identities, it can be easily shown that

l
AZM™ = (4 — 2cos T 9cos m)zl’m
n n
1.11
Lm Codm . gma ( )
/= sin — sin ——

“ij n n

The spectral radius of G is obtained in [ = m = 1 and p(G;) = cos & =
1 — O(n~2). One can also show that GSS has the same asymptotic rate of
convergence, although is a bit faster.

For the Jacobi method with relaxation parameter the eigenvalues read

Abm — (icos%—i—icos%—l—%) for w = % (1.12)
Remark 1.11. After a few iteration with the Jacobi method (i.e. w = 1) the
error contains only components for which [ and m are both small (close to 1)
or both large (close to n). The latter error components will also be reduced
efficiently if one inserts a step with w = % Then only smooth components
(components with large wave length) or low frequency components of the error
will remain after a few relaxation steps. For these smooth error components
the reduction factor will only be 1 — O(h?)

For smoothing in practice one uses the Richardson method (which is
characterized by G, = I —ﬁA), Jacobi, GSS, SOR and the linear stationary
iterative methods based on incomplete factorization (or block variants of the
above mentioned).

1.4 Two-grid methods

MG methods are based on the following idea: First one carries out a few
iterations with the classical iterative scheme, which is called relazation; after



the high-frequency components have been “removed” (significantly reduced

in amplitude) the residual is transferred to a coarser grid and the equation

is solved there (eventually we solve it by the same method recursively).
Leading principles:

1. Smooth functions can be well approximated on coarse grids

2. Smooth error components “appears” more oscillatory on coarse grids
and can be reduced more efficiently there by relaxation.

Assume we want to solve the problem
a(uh,vh) = F(uh) Yup €V, CV

that comes from a conforming FEM for an elliptic boundary value problem
(BVP). Note that if a(-,-) is a symmetric, coercive and bounded bilinear
form and F(-) € V', then by Lax-Milgram lemma it has a unique solution
vp, € Vp, which is also the unique solution of the minimization problem

in J 1.13
nin (un), (1.13)

where J(u) = Ja(u,u) — F(u).
Notation: We denote the smoothing operator by S. The k-th cycle of
the two-grid method is then defined by the following algorithm (Two-grid

methods). Let uglk) € Vi, be a given approximation of the solution wuy of
(1.7):

1. Smoothing: Apply v smoothing steps to u}lk) and obtain ugk’l) = S”ugk)
2. Coarse-grid correction: Compute the solution wy of the variational
problem on a coarser grid with mesh size H > h using the minimization
form:
J(ugﬁ’l) +wy) = min J(uﬁf’l) +ug),
ug€EVy

(or solving the variational problem itself) where Vi C V}, and set

N I C
Remark 1.12. The parameter v determines the number of smoothing (re-
laxation) steps the algorithm performs. For elliptic problems and conforming

FEM it is usually sufficient to use v < 3.

1.5 The multigrid algorithm

For simplicity we consider here Lagrangian Finite Elements and conforming
discretization using nested FE spaces.

We start with a coarsest triangulation 7, with mesh size ho of the
domain §2. For simplicity we assume € is a polygonal domain, therefore the



triangulation is exact. Next, every triangle 1" € Ty, is refined by subdividing
it in 4 congruent triangles in the following triangulation 73, with mesh
size h; = % Repeating this procedure, we define a sequence of nested
triangulation {7,}. For sake of notation, from now on we will set 7; :=
Th,. For each triangulation, we create a finite element space of piece-wise
polynomial (piece-wise linear) functions V; with the property of nestedness:

icWwCc---CcVpcV. (1.14)

We call {V,;}Z-L:1 the nested spaces, while V' is a conforming space of continuous
functions, usually H'(2). The following algorithm describes the k-th cycle
of the approximate solution of (1.14) at level [, i.e., in V; [MGM;]. Let ul(k)
be an approximation of the solution of (1.14) u; in V;:

1. Pre-smoothing: Apply vy smoothing steps to ul(k), ul(k’l) = S”lul(k).
2. Coarse-grid correction: Compute the solution w;_; of the variational
problem
J(ul(k’l) +wi—1)= min J(u+wv_1) (1.15)
v—1€Vi—1
If I = 1 we compute the solution of (1.15) exactly and set v;_1 = w;_1.
Otherwise we compute an approximate solution by applying v steps
of MGM;_; at level [ — 1 using initial guess ul(g)l =0. Set uk? =
k1
w1

(k,2)

3. Post smoothing: Apply vo steps of smoothing to u and obtain

ul(k73) — SVQ ul(kvz)

(k+1) . (k,3)
We set =

Remark 1.13. For [ = 1 we solve the coarse-grid problem exactly. For [ > 1

the coarse-grid problem is solved approximately and thus the MG iteration

can be viewed as a perturbed two-grid iteration.

Remark 1.14. The parameter v determines the amount of work is spent
on the coarse-grid correction steps. If we set v = 1 we have the so-called
V-cycle, while v = 2 is the so-called W-cycle. If v = 1 the coarsest grid is
visited once, while if v = 2, it is visited 217! times.

Remark 1.15. Sometimes post-smoothing is skipped, i.e., one chooses
v = 0. The V-cycle is often performed symmetrically, with vy = vs.

The problem (1.15) to be solved in the coarse-grid corresponding step can
be written as

a(ul®V +w 1) = Fluly) Yoy € Vi (1.16)



and in a matrix form as
Aly—1 = b1 (1.17)

In order to find A;_1 and b;_; we use that V;_; C V], i.e., each basis function
U, € Vj_1 can be represented as a linear combination of the basis functions
P, € Vp:

N
\I/j = Zrijq)i (118)
i=1
Due to (1.16) we have
k,
a(wi—1,w1) = Flu1) —a(u™ w_1)  Vu, € Vi (1.19)

Using (1.18) in (1.19) and rearranging the sums one finds that 1.18 takes
the form of

RAR"y,_1 = Rd, (1.20)
where d; = d is the vector defined by its components
N
di = F(®;) = Y a(®s, )y,
k=1

with ul(k’l) = Zi\ll 2, ®g. The matrix R is defined by the relation (1.18).

Denoting by P the matrix representation of the injection Z : V;_1 — V ,
we have that R = PT is the matrix representation of the adjoint operator
Z*:Vi* - Vi* . Then

Aj_1 = RAP =PI AP

and b;_; = PTd; with the defect d; = b; — Am}k’l). So coarse grid correction
in matrix form can be written as

22 = 5D 4 py, (1.21)

where y;_; is the solution of Ay;_; = PTd;. We can now rewrite the algorithm
in a matrix form: given an approximation $;C of the solution of A;x; = i

1. Pre-smoothing: :cl(k’l) = S”lxl(k)

2. Coarse-grid correction: compute the defect d; = b; — Axl(k’l) and its
restriction b;_; = PTd;. Let y;_, be the solution of Ay;_1 = b;—1 where
A1 =PTAP. Ifl =1 we set y;_; = Y;_,, otherwise we compute an
approximation y;_q of y;° ; by performing ;1 steps of MGM;_; at level

[ — 1 with the initial guess :c,(ﬂ)l =0. Set xl(k’2) = xgk’l) + Py;_1.

3. Post smoothing:

259 _ guag (k2

xl(k—i—l) _ xl(k:,S)
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2 Convergence analysis of MG methods
Classical convergence analysis is based on a smoothing property of the form
v —/3||Uh||Y
15" vallx < Csh™ =" (2.1)
and an approximation of the form

lon —vally < CabPllonlly  Von € Vi, (2.2)

where vy is a coarse-grid correction of vy. For v large enough CsC A% <1.
From now on we will use the following

Assumption 2.1. 1. The BVP is H! (or H}) elliptic.
2. The BVP is H? regular, i.e. the solution is in H?2.
3. The spaces V; come from conforming discretization and are nested

4. We use a nodal basis for V;, with { =0,1,..., L.

2.1 Discrete norms and smoothing property

Definition 2.2. Let A € R¥*N be SPD and s € R. With the euclidean
inner product (-,-) in RY, we define the norm

llzlls = (2, A%2)"2. (2.3)

Let {(zi, \) f\il be the orthonormal eigenpairs of A. The eigenvectors
form a basis of RY due to our hypothesis, thus

N
A’y = Z N’z (2.4)
i=1
and further
N
(z, A%z) = Y fx° (2.5)
i=1

From (2.5) it follows that [|z]||s = HAS/2:UH.
Remark 2.3. The norm ||| - [||s has the following properties:
LAl Mo = {11+
2. Lett,r € Rand s = HTT Then
[z, A%)| = (422, 47/2)| < Iyl

Thus
lzllls < v/llllllellz]ll-



3. Let a > 0 be the ellipticity (coercivity) constant. Then

fort>s

4. If Az = b then [[|z|s12 = |b]

Lemma 2.4. Let w > p(A) and s € R, t > 0. Then, for the Richardson
iteration x TV = (I — L A)x() there holds

to t/2
ol < o . withe=(52)
e
with e being the Euler number.
Proof. Exercise. O

Now we would like to answer how the discrete norms ||| - |||s are related to
Sobolev norms. We consider first the case s = 0, i.e. the standard euclidean
norm.

Lemma 2.5. Let Ty, be a uniform triangulation of Q@ C R™ and V}, denote
the corresponding space associated with a family of affine finite elements.
The nodal basis functions are assumed to be scaled such that

\IJ(ZJ) = h”/Qél-j (2.6)

For v, € Vi, let |||vplllo =||vn]| be the euclidean norm of the coefficient vector
and|[vp|lg o be the L2(Q)) norm of the corresponding function. Then we have

¢ Honllgg <llvnll < cllvnllgg

i.e. the L?(Q) and the euclidean norm are equivalent. In addition the constant
¢ does not depend on h.

Proof. In the following we identify finite element functions v, € V4, and their
vectors of expansion coefficient with respect to the basis {¥;}¥ ;. Details of
the proof are left as exercise. On the reference element T C R™ one has

lonllg ¢ = 2™ > (un(z:))?

z; €T

ie.,

allonllyr < B (0n(20))” < eallvnllor
z; €T
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Now we consider the case of s = 1. This is even easier. Indeed, we have:

llvonllh® = (vn, Avg) = a(vn, vn)

From the ellipticity and boundedness of the bilinear form a(-,-) we get
immediately

¢ Hvnllyg < llowlllh < cllonllyq (2.7)
where
Jonli2 = [ o+ Vekds
0
is the usual Sobolev norm.

Lemma 2.6. Let the hypothesis of Lemma 2.5 be satisfied. Then the extremal
eigenvalues of the stiffness matriz of an H'-elliptic BVP satisfy

)\min Z 6_17 )\maz S Ch_2, K(Ah) S CQh_2. (28)
Proof. Exercise. O

Using Lemma 2.4 with s = 0 and ¢ = 2 and the estimate from Lemma
2.6, it follows the smoothing property given in Proposition 2.7.

Proposition 2.7. The Richardson iteration V1) = (I — %Ah)x(”), with
w = p(Ap), satisfies
c,_
2ll2 < —h72[1 g (2.9)

2.2 Approximation property

Assuming H?-regularity of the BVP, the error of the coarse-grid correction
can be estimated in the ||| - |||s norm. An important tool in the proof is an
estimate of the form

lu = unllgq < chllu —unll, g, (2.10)
which follows from finite element analysis (Aubin-Nitsche duality argument)

Lemma 2.8 (Approximation property). For u € Vy, let ug be the solution
of the variational problem

a(u —ug,w) =0 Yw € Vi

(for example H = 2h). Moreover, let Q2 be convex or let its boundary be
smooth. Then we have

lu = Unlly o < cHl[[vlll2 (2.11)
lu=Unllpq < cHlllv = Unlll2 (2.12)

Proof. Left as exercise.
O
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2.3 Convergence of the two-grid method

We have already shown in the last section that there holds the smoothing
property (2.1) and the approximation property (2.2) in the particular case

=1l (-l =1 lllo, - 8 =2,7=1. (2.13)

Theorem 2.9 (Convergence of the two-grid method). Under the usual
assumptions 2.1, with Richardson smoother and p(Ap) < w < ¢ép(Ap,) satisfies

e I

0,2 0,2
where the constant c is independent by h and v;.

Proof. After v; pre-smoothing steps with the Richardson method we have
1
uff Y~ = (1= Z ) (@ — )

and Lemma 2.8 (smoothing property) yields

k,1)—
e

C (k)
< . 2-15
9 = l/1|||u1 U1H|0 ( )

(k,2)

. . k,1 . .
The approximation u; ™ = ug ) + uyr after coarse-grid correction solves

a(ugk’l) + ugr,vp) = F(vy) Yop € Vi
Moreover, the exact solution u; = uy satisfies
a(uy,vyg) = F(vgy) Yog € V.
Since Vi C V}, subtraction on Vy yields:
(k1)

a(uy ™ +ug —ui,vg) =0 Yog € Vi

Now Lemma 2.8 (approximation property) results in

Hugk,z) _ U1H _ Hul _ ugk,l) _ uHH
0,Q 0,2
<cH|v—-Ug
! I (2.16)
< cH7[[o]ll2
= cHQHfung) — ul‘ ,
where v == u; — ugk’l). Here we neglect the effect of post-smoothing, i.e., we

just use
1 14
I = = An)=alls < llllls,

12



from which follows
k3 k2
llut™ = urlllo < uf™ = uilo.

In view of the equivalence of the discrete and the continuous norm we

therefore have
Hugk’s) - u1H < cHugk’Q) - ulH (2.17)
0,0 0.0

and finally, combining (2.15), (2.16), (2.17), we have

(k+1)

|4 o

k.2
ol = i 2o

0,0 0,0 0,0

k1 C2 k
< e o™ — wille < 2l — il

<l =]
141 0,2
O
In matrix form the two-grid method can be also written in the form
wFD — oy = G(ugk) —uy), (2.18)
with
G = S”*(I — PA;'PTA,)S" (2.19)
= 5"(A,! — PAG' PT) A7 '
So coarse-grid correction has the propagation matrix
I - PA; Pl A,
The smoothing property can be written as
|ApS" || < S h2 (2.20)
41
and the approximation as
HA,;l - Pa;{lPTH < h2ey. (2.21)

Together with the assumption that the smoother is convergent in the norm

I
ISI <1

we get

1
|G| < csca— < 1
2

if 11 is large enough. In view of ||| Ao =||z||, one deduces from (2.20) and
(2.21) the smoothing and approximation property from before.

13



2.4 Convergence of multigrid method
2.4.1 Convergence of the W-cycle MG method
The goal is to estimate the convergence rate p; in

Hul(kﬂ)

— ulH < leul(k) — ) , (2.22)

where u; € V; is the solution of (1.14) in V;. Obviously
s <9~ o

(k1)

where is the approximation after the Richardson approximation and

Il = 1| - llls- Denote by ul(k’2) the approximation after real (approximate)

coarse-grid correction and by ﬁl(k’2) the approximation after the exact coarse-
grid correction. We have

ﬁl(]“?) - ulH < leul(k) — ulH (2.24)

with the two-grid rate p;. Using triangular inequality, one has
Hul(k,z) _ UZH < Hul(m) _ a(k,Z)H +Ha(1€,2) _ ul” (2.25)

Now we assume that we know the convergence rate p;_1,i.e, the following
inequality

k41 k
Hul(ﬂ )~ Ul+1H < pl—lHUZ(_)l - Ul—lH w1 € Vi1

and conclude
] ]

-1
Inserting (2.25) in (2.26) yields
Hu(k’Q) — (b2 H <1+ pﬂ”u(k) - ulH (2.27)
and together with (2.24)

R

k
<[p (1+p1)+ /01]HU1( L

)

so with post smoothing it follows

pr < p1+ ol (14 pr). (2.28)

With (2.28) we can prove the following theorem. Its hypothesis are a bit too
strong and often they don’t hold.

14



Theorem 2.10. Assuming that the two-grid rate p1 satisfies p1 < %, the

W-cycle method converges at a rate
forl=2,3,...

s op1 <

N W ot
W =

Proof. You need to use (2.28). It’s really short. O

We want to improve the previous result by drawing an estimate in the
energy norm. Since

a(ul(k’l) + a2 — ul(k’l),vz—l) =F(u_1) Yuy_1€Viy

and

a(ul(krl) + u(k:Q) _ ul(k’l),'l)l) = F('Ul) VUZ € V,
it follows
and hence

o9 — )~ i) 0
‘We have thus
2 2 2
R i LA

This means that the error after coarse-grid correction is a-orthogonal to the
coarse-space. Now from (2.26) and this orthogonality relation just mentioned,
it follows

2 2 2
Hul(k:+2) —y = 7:Ll(k,z) _— "‘H“l(m) _ al(k,z)
a a a
2 2
< al(k,z) —ul + p?fluul(k,n _ al(k,Q) )
2 2 2
< al(’“’” -l + plzfl (Hul(kl) - ulH + ﬁl(k’Q) —w| )
a a a
2 2
= (=gl — |, + o (™ =)
a a
(2.30)
Using additionally (2.24) and (2.23) we finally obtain from (2.30)
(k.2) 2 24 24 1], ® 2
) <A =pt)p+ o]y —w i
and thus
2
i < pi+ ot (1= pi) (2.31)

15



Theorem 2.11. Assuming that the two -grid rate satisfies p1 < %, the
W -cycle method converges at a rate
6
pL = 5Pl <0.6 forl=23, ... (2.32)

Proof. For | = 1 there is nothing to prove. Assume now it is true for [ = k—1.
Then we have

2.4.2 Convergence analysis of the V-cycle MG method

In order to prove a uniform bound p; < poo < 1 for the convergence of the
V-cycle, we need to refine our analysis. As before, let ||-|| denote the energy
norm. Our goal is to prove the following theorem.

Theorem 2.12. Under the assumptions 2.1 and if the Richardson smoother
is used, the V-cycle MG method satisfies the estimate

Hul(kJrl) _ ulH < <0+62y>1/2Hul(k) —

, (2.33)

thus pl2 <pA < (cfzy). Here ¢ is a constant independent by h and v.

First we need to establish three preliminary results. We start with
introducing a measure for the smoothness of a finite element function. For
any vy € Vj, let

Lo Ay llle? 0
p(An) v, #

2
lllvn il

0 vp =0

B ) = 230

Obviously 8 € [0,1[. For smooth functions (|||vpl/|2 = |||vs]l|1) we have that S
is close to 1. For high-oscillatory functions (|||vs]||l2 = p(Ar)|||vr|||l1) we have
that [ is close to 0.

Lemma 2.13. Let S denote the iteration matrix of the Richardson smoother.
Then
IS vllls < [BCS"0)]"[lvllly Vv eV

16



Proof. Let v = Zf\i 1 ¢i®;, where {®;} denote the set of the orthonormal

eigenvectors of A := Aj. Moreover let u; =1 — %. Now we set

L 2v+1
pi= oy

q:=2v+1,

sop t4+¢'=1,and

. \1/p, 2v|.12/p Y4 2/q
a; = APy |c,~\/, bi == X\;""¢c;

such that
Jail? = N el (bl = Aileil?
laibi| = Ao ei)?

Now we have

2v 1
20+1 20+1

i&'u%ciﬁ <D0 i el > Aileil (2.35)
i=1 i=0 =0
Then, by definition of S¥, we find that (2.35) is equivalent to
570 < |57 o] (2.36)
Substituting w := SYv we obtain from (2.36)

]
2

15% 0]l < [l (2.37)

The particular choice of S =1 — ﬁ implies that S is self-adjoint and S

and A commute. Hence

2
stz = 18 20l1s® = (w, ASw)
) ) , (2.38)
= (w, Aw) — —(w, A*w) = B(w)||w
( ) =@t ) = B(w)|[w]]
We obtain the thesis inserting (2.37) in (2.38). O

The measure § can also be used to get a refined estimate of the error
after coarse-grid correction.

Lemma 2.14. The error after exact coarse-grid correction satisfies

ﬂl(k’Q) — lH < min{cpfl/Q(Ah)Hml(k’z) — |2, Hul(k’l) — qu}
(2.39)

= min{C\/l - ﬁ(ul(k’l) —uy), 1}Hul(k’1) —

where ||-|| denotes the energy norm.

I
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Proof. The approximation property (2.11) reads in the present situation

i*? | < callu™? ~ e

because
v —unl| < erhf|v]l2

gives for v = —ugk’l) +u; and uyg = (k b + u( 2 the exact equation above.
Using p(Ap) < cah™2 < c1h < cp(Ah) 1/2 we obtain

[0 =] < mingep 201"~ wlla, [ = )

and we get the second equality eliminating ||| - |||z using the definition (2.34)
of 3. O

The previous lemmas 2.13 and 2.12 allow to establish an improved
recursion formula for p;.

Lemma 2.15 (Improved recursion formula). Let the assumptions of Theorem
2.12 be satisfied, then we have the following relation

ot < gmax, B + (1= pf ) min{L (1= )} (240)

where p = 1 corresponds to the V-cycle, while p = 2 corresponds to the
W-cycle, and c is the same constant of lemma 2.14.

Proof. From Lemma 2.13 we have

Hu(k,l) 7ulH < B ul(k)

- ulH (2.41)

with 8 = B(ul(k’l) — ;) defined as in (2.34). Lemma 2.14 for the same 3
yields

H < B mln{c\/l — (k 1) — ), 1}Hul(k,1) _ UZH ' (2.42)

Inserting(2.42) and (2.41) in the estimate (2.30) we finally get

(k,2)

2
9 [+

2 [ < (1= )

< B[(1 - Plel) min{cy/1- B, 1} + plzfl]Hul(k) —
(2.43)

~ul

which proves our thesis since 0 < 5 < 1. ]
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One can computes the convergence factors (i.e., bounds for p;) according
to formula (2.40). We have (I — oo is the upper bound):

¢ V-cyclel=1 V-cyclel =00 W-cycle
0.5 0.1418 0.243 0.1437
1.0 0.217 0.448 0.2904

Now we can finally prove Theorem 2.10.

Theorem 2.10. We note that pg = which proves the Theorem for [ = 0. Now
we assume that (2.33) holds for [ = k — 1. So we insert p?_, < in the
formula (2.40) to get

2
c2++2v

2 2

2 wy € 1-_°€ 201 _

Pk < Orgggl{ﬁ o=, t (-3 n 5,)¢ (1= B}
2 2+ 2u

max {5%[1 + ( z 1A (1- )]}

~ 2 + 2v 0<p<1
2

_ C 2v o
=2 0215%{5 [1+2v(1-p)}
24w

where we can choose ¢? = max{cy,c3} and ¢ is constant in (2.33) and c3

is the constant in (2.40). The last equality stands because the max{...} is
achieved for § =1 and it equals 1. O

2.4.3 Complexity of multigrid methods

The estimation of the computational work for one MG cycle is based on
estimating the number of arithmetic operations for:

1. Smoothing in Vj.
2. Prolongation (i.e., interpolation) from Vjy_1 — Vj.
3. Restriction from Vi, — Vi_1.

These components of the MG methods require a number of arithmetic
operations that can be bounded by C - Nj, where Ny = dim(Vy). The
number of arithmetic operations for one application of the smoother is
proportional to the number of nonzero entries in Ak, which in case of affine
family of finite element is proportional to Ny, i.e., O(Ng). Prolongation
and Restriction typically have sparse matrix representations and hence the
amount of work for each visit at level k& can be bounded by (v 4 1)C - Ny,
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where v = 11 4+ 15 denotes the number of smoothing steps. The total work
for one cycle can therefore be estimated by

L
(v+ 1)0%1\@ <1 q(u +1)CN,
for the V-cycle, and
L
v+ 1)C> pIN; < — o (v+1)CNg (2.44)
i=0
for the v-fold V-cycle, e.g., by
(v+1)CNg

1—-2¢q

for the W-cycle. Here ¢ < 1 denotes a bound for the reduction factor for the
number of the unknowns when proceeding to coarser and coarser levels, i.e.,

N1 < qN; foril=1,2,...,L

As we see from (2.44) the condition ¢ < 1 will be in general sufficient to
guarantee that each cycle has optimal computational complexity, i.e, the
number of the operations is of order O(Np).

3 A more abstract view on multigrid theory

Consider a finite-dimensional complete vector space, which is endowed with
two inner products (-,-) and a(-,-), and corresponding norms ||-||, and ||-||
respectively. Now let V7, = V' and assume that we are given a sequence of
nested spaces

VWowcwvwcCc---CcV, =V

Next consider the operators Ay : Vi — Vi defined by
(Ap¥, ®) = a(¥, ) YU, P e V.
Moreover, let the projections Py : Vi, — Vi, and Qg : Vi, — Vi be defined by:
a(Pyu,v) = a(u,v) YVveVi,ueV

and
(Qru,v) = (u,v) Yo € Vy,ueV.

Remark 3.1. If a(-, ) is the bilinear form in (1.14) then Py is often referred
to as elliptic projector or Ritz projector. If (-, ) denotes the L?-inner product,
then Qy, is called L?-projector.

20



Furthermore, let Ry; Vi — Vi denote smoothing operators, which in
general do not have to be symmetric and let Rf be denote their adjoint
operators with respect to (-,-). As in Section 1 consider a linear stationary
iteration method of the form

2D = 20 4 B(f — Az®). (3.1)

We want to study the V-cycle MG method, which corresponds to the choice
B = By, where By, is recursively defined via the following algorithm, called
V-cycle MG preconditioner: recursive definition of By,

1. If k =0set By = A, 1; otherwise we define the action of Bj, on a vector
g recursively by the following three steps, assuming By is known.

2. Pre-smoothing: x(l)Rgg.
3. Coarse-grid correction: (2 = (M) 4y, with

y = B 1Qx_1 (g — ApzV).
~————
€V

4. Post-smoothing : Brg = (@ + Ry(g — Akx(z)).

3.1 Product formula for the error propagation operator

We want to derive a formula for £ = I — B A;,. For that reason denote
by K : Vi, — Vj the error propagation operator (EPO) of Ry, i.e., Kj =
I — R Ay, and by K the adjoint operator with respect to the a(-,-) inner
product, i.e., (after some computations), K} = I — R;{Ak. In view of the
identity (exercise for the reader)

Qk—lAl = Ak—lpk—l on Vz for k < l (32)
and following the Algorithm defined above, we find
r—2® =2 —2W - By 1Qp_i(
(3.3)
= (I — Br1Qu-14s)(x — )
=(I - Bp1Ar1P 1)K x
From step 4) of the algorithm, using g = Az, we obtain
(I — ByAp)z =z — 2 — Ry Ap(z — 21?))
= Kp(z — 2®)

= Ki(I — By—1 A1 P K
= Ki[(I = Py) + (I — Br—1Ap—1)Pp1|Kjz
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and because x was arbitrary we get
(I — BpAg) = Ki[(I — Py) + (I — Br—1Ak-1)Pe-1] K. (3.4)

We extend the operator K}, to be defined on the entire space V7, (and
denote the extended operator again as Kj):

Kp=1— RAwP, =1 — Ty,

with

In a similar way we can write
K;i=1—-RLAP, =11},

with
T == RT AP,

Using (3.4) it follows

I — BRAyP, =1 — P, + (I — BLA) Py,
=1— P, + Kk[([ —Pr1)+ (I - kalAkfl)Pkfl]KZPk
(3.5)

Py, is a projection, thus P,? = P, and (I — P;)? = I — P,. Obviously we have
Ty Py = T,

and thus
(I =Te)(I = Pg) =1 — P

Moreover
a(Tyu,v) = a(u, Tiv) = a(Pyu, T v)
——
eV
= a(Pyu, T;v) = a(u, PT;v)
, ie., Ty = PTy. Hence, (I — Py)(I — 1)) = I — P;,. We therefore have

(I = Py) = —P)(I-1Ty)
= (I =Tp)(I - P,)(I - Ty)
= K (I — pr) K.

Due to (3.5) it follows that
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I — ByApP, = (I = Tj,)(I — Pp)(I = Ty)
+ (I —T3)[I — By—1Ak—1P1](I = T}) Py
= (I — Tk)[f — P, + P, — Bk—lAk—lpk—l](I — T]:),
where we use, among other equalities, (I — T}) P, = Pi(I —T}’). Finally we
get, using B, = Aal and Pr, = 1.

1

L
I-B AP, = |[[U-T)| T -PR) |[]T-T7) (3.6)
i=L i—1

Proof of Identity (3.2). We remember that
(Qr—1u, V1) = (u, V1) Yu € Vi
(A, v) = alw,v) Yo eV
Thus it follows
(Qr—1A1u, vp—1) = (Aju, v—1)
= a‘(ulv Uk:—l)
= a(Py_quy, vip—1)
= (A Pr—1ug, vk—1)

O

3.2 Assumptions for convergence analysis of the V-cycle MG
method

Assumption 3.2. There exists a constant Cr > 1, independent of k (and
thus independent of h) such that

2
””A”‘O < Cr(Rpu,u)  Yu € Vi, (3.7)
k
where
Ry = (I - K;Kp)A*
= RF + R, — RF AR,
denotes the symmetrized smoother.

Remark 3.3. Let Ry, = o\ 'I and Ky o = I — Ry, oAy, then Assumption
3.2 is equivalent to the following statement: There exist a constant « €]0, 1]
such that

a(Kru, Kpu) < a(Kjo)u, K qu) Yu € V.

. The proof is left as exercise .
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A generalization of Assumption 3.2 requires the property (3.7) to be
satisfied only on a surface Vi C Vj (we are still assuming that {V}} are
nested, but not necessarily {V4}). In this case one can define

Ay Vi = Vi
(Ap®,¥) = a(®,T) VO, U eV,
and P, Qk similarly. The weakened 3.2 then reads
Assumption 3.4. Assume that Ry = Rka and

2
”“A”’O < Cr(Rpu,u)  Yu € Vj, (3.8)
k
where R
Rk = Rz + Ry — R%AkRk
Obviously Ry = Rka if Ry is symmetric since
Ri®, V) = (0, R, ¥
(Rp®, V) = ( : )
eVy
= (Qk R ¥) = (RyQy®, ¥)
Assumption 3.5. There exists a constant 6 < 2 such that
a(Teu, Tru) < Oa(Tpu,u) Yo € Vg, (3.9)

where T, = I — R A P,. Note that we will assume the same inequality in
the case Vj,

Remark 3.6. The following consideration shows that Assumption 3.5 is
quite natural: For the choice T}, = /\%AkPk, i.e., Ry = § 3.5 requires a €]0, 2]
because

o
—a

a(Tyu, Tru) < 3 (Ty, u, Agu)

< aa(Tru,u) < Ga(Tpu, u)

This is reasonable because for the eigenfunction vy corresponding to the
largest eigenvalue \j, of A, we have (I — Ty )vy = (I — a)vg, and thus I — T}
does not reduce the components for o > 2.

Assumption 3.7. There exist linear operators Qy : V — Vj,, with Qr, = I
and B B
H(Qk - Qk_l)uHQ < e ta(u, u) for k=1,2,...,L
and B B
a(Qru, Qru) < calu,u)
Remark 3.8. In some application the operators Qk may be chosen as the

L?-projection operators. Sometimes, however, a more “careful” choice is
required in the convergence analysis.
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3.3 A convergence result for the V-cycle

Theorem 3.9 (Quasi-optimal convergence). Let By, be the V-cycle precon-
ditioner defined in the corresponding algorithm and let the Assumptions 3.4,
3.5, 3.7 be satisfied, and Range (Qx — Qx—1) C V. Then

a(l — BLAp)v,v) < <1 - (1)> a(v,v) Yv e Vg (3.10)

L+1
Proof. First, using Qr, = I, we rewrite

L
a(v,v) = Z a(v, (Qr — Qr_1)v) + a(v, Qov)

=1

L
= a(Br v, (Qr — Qk-1)v)
i=1 (3.11)

::51
L

a(v, Qov) +Za ((I = Ep—1)v, (Qk — Qr—1)v),

:=S9
where E_; = I and E; = (I — T;)E;_;. Finally
Er=—-T)(I-Tr_1)...(I—Tp),

where, in view of (3.6)
- By A =E.E}

since (I —Tp)(I —T5) = (I — Py)({ —T§) = I — Py. We estimate Sy first:

L
S1= Z a(Er—1v, (Qr — Qk—1)v)
k=
L1 o B _
= Z a(ArPyEr—1v, (Qr — Qr—1)v)
kzl (3.12)
<> NARPEr-1vllo— 1/2 1@k — Qr—1)vlllo

ol

Mhl

< (Ml A PBi 1ol 2 3@ = Quea)ollo)

=1

Eod

Due to the assumption 3.7 we have

L
" Ml Ak BeEr_rollo”) 2 < e(L + 1) ?a(v, v) /2
k=1
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and in view of T}, = Ry APy = RiALP;, and using Assumption 3.4

L
1 _ N
(7 3, M@k = @un)ollo™)? < 6/ (- (Tibiry, AePelyav))V?

—_——— ——
k=1

Rku u
Hence we obtain from (3.12)
I 1/2
S1 < C(L +1 1/2 Z TkEk—lva AkPkEk—lv) (3.13)

k=1

It remains to estimate the second term Sy. For this purpose the following
identities will be useful:

Ek — Ek,1 = TkEk,1 = Ek = (I — Tk)Ek,1 (3.14)
and
k
[-Ep=7) T, (3.15)
=0

which is obtained by summation of (3.14) for [ = 0 to [ = k. Rearranging So
yields

L
So = Z a((I = Ep—1)v, (Qr — Qr—1)v):=s, + a(v, Qov)

=1

L L-1 )
= Za(([ — Ep_1)v, Qpv).— Z a((I — Ex)v, Qgv) + a(v, Qov)

i=1 k=0

L—1 ) )
= CL((Ek - Ek_l)v, ka) + CL((I — ELfl)U, QL U)

—1 ~~

=T
—a((I —f/)v Qov) + a(v, Qov)
=0
-1 ) -1

= > a(TpByav, Qo) + ) a(Ty By v, Pyo)
(3.14)+(3.15) k=1 k=0

L+1

= a(TxEp—v, (P, — Qr)v) + a(TyE_1v, Pyv) .
—_———

=a(Tov,v)=a(Pyv,v)

Applying Cauchy-Schwarz inequality we obtain
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Sy =Y a(TyEy-1v, (P — Qx)v)

k=1

I—1 Y2 /4 1/2
< a(TgEg—1v, Ty E—10) a(Py — Qr)v, (Py — Qp)v

k=1 k=1
+ a(Pyv, Pyv)?a(v,v)'/?

L-1 L—1

> a(ThEp—10, Ty Ep_1v) | Y _ al(Pi — Qi)v, (Pr — Qi)v) + a(v, v)

k=0 k=1

(3.16)

where in the last inequality we have used a1b1 +asby < (a% +a%)1/2(b% —i—b%)l/2
(note that in the last line the sum starts at £ = 0). From the boundedness
of P, and assumption 3.7 we conclude

a((Pg, Qr)v, (P, Qr)v) < a(Pyv, Pro) + a(Qrv, Qrv) — 2a(Pyv, Qxv)
< 2a(Pyv, Pyv) + a(Qrv, Qxv)
<c

(v’ U)?
(3.17)

and the last inequality holds because Py is a projection with respect to a(-,-).
On the other hand, Assumption 3.5 allows us to estimate

a(TyEp—1v, Tp Ex_1v) < ca(TxEr_1v, Ex_1v). (3.18)

One can prove ¢ = ;%5 (Exercise). Using (3.18) and (3.17) in (3.16) we
obtain

1/2

L
Sz < e(L+1)a(v,v)"? | Y~ a(TEp-1v, Ep_1v) (3.19)
k=0

Finally, from (3.13) and (3.19) in (3.11), we get

L
a(v,v) <c(L+1) Z a(TpEx_1v, Ex_1v)
k=0 (3.20)
= o(L+1) [a(v,v) — a(ELv, ELv)]

Exercise
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From (3.20) if follows immediately

a(Epv, Eop) < <1 _ C(L1+1>> a(v,v),

which, in view of I — B A;, = Ep E} completes the proof.

Remark 3.10. This theorem tells us that

p(I = BLAp) < <1 - c(L1+1)>
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