FREE BOUNDARY MINIMAL SURFACES:
A NONLOCAL APPROACH

FRANCESCA DA LIO AND ALESSANDRO PIGATI

ABSTRACT. Given a C*-smooth closed embedded manifold N’ C R™, with k& > 2, and a compact
connected C*°-smooth Riemannian surface (S, g) with 9S # 0, we consider i-harmonic maps
U € H1/2(8S, N). These maps are critical points of the nonlocal energy

(1) B(fig) = / IVl dvol,,

where 4 is the harmonic extension of u in S. We express the energy as a sum of the %—energies at
each boundary component of S (suitably identified with the circle S*), plus a quadratic term which
is continuous in the H*(S') topology, for any s € R. We show the C*F=19 regularity of %—harmonic
maps. We also establish a connection between free boundary minimal surfaces and critical points of
E with respect to variations of the pair (f,g), in terms of the Teichmiiller space of S.
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1. INTRODUCTION

Let (S, g) be a connected C'*°-smooth surface with nonempty boundary 95, equipped with a smooth
metric g (S is not necessarily oriented) and let N' C R™ be an embedded closed (i.e. compact
without boundary) C?-smooth submanifold.

We set
HY2(3S,N) := {f e H'2(8S,R™) : f(z) € N for a.e. x}

Given a map f € H/?(dS,N), we define the %—energy of f to be
%2
2) B(fi9) = [ VI dvol,

Here J?denotes the harmonic extension of f, i.e. the unique harmonic map fe H'(S,R™) such that
ﬂas = f. We observe that E(f;g) depends only on the conformal class of g.

Definition 1.1. A map u € H'/2(dS, N) is called %—harmom’c if u is a critical point for the %—energy
E = E(-;g), in the following sense: for any ¢ € C*°(9S,R™) we have

d
(3) —E((u+1¢))| =0,
dt =0
where IT : i/ — N is any fixed C? projection, defined on some tubular neighborhood U of N

Definition extends the one introduced for the first time in [DLRO9] in the case S =D or in
the noncompact case S = H (D and H being the unit disk and the upper half-plane, respectively).
One can check that II(u + t¢) = u + tv + o(t) in H'/2(9S,R™) as t — 0, where v := dII(u)[¢], and
thereford]]

d
ZE(Il(u+16))

= 2/ (Vu; Vo) dvol, = 2/ dll(u)[¢] - ou dvoly,.
=0 s o v

By a standard density argument, u is %—harmonic if and only if

(4) / dll(u)[¢] - gu dvol, =0,
os ov
for any ¢ € LN H'/?(dS, R™) (which is a Banach algebra), which is in turn equivalent to ask
ou
(5) o vdvolg =0

for any v € L>®° N H'/? (0S,R™) satisfying v € T, N a.e. In particular, the definition is independent
of the choice of II.

Let PT(¢) denote the orthogonal projection onto the tangent space TeN, for & € N, and observe that
PT ¢ CYN,R™ ™). In the paper we will also call PV := I — PT the projection onto the normal
space. The same argument showing the equivalence of and proves that one can replace dIl

1The normal derivative % € H™'/2(8S,R™) is defined precisely by asking that, for any v € H'/2(9S,R™),

/ (Vu; Vo) dvolg =
s

U
—— -vdvolg.
asaVvvog,
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with PT in (@) (notice that, on N, PT is the differential of the nearest point projection, canonically
defined near NV, but we cannot use this projection in as it is merely C'). Hence,

u is —-harmonic & ou. PT(u)vdvol, =0, YveL®nN H'Y?(5S,R™)
(6) 2 o8 ov
= PT(u)gZ =0 inD'(39).

Solutions to the last equation are of special geometric interest because they are strictly connected to
the so-called free boundary minimal surfaces, in the following sense.

Definition 1.2. We say that a map u € C?(S,R™) is a free boundary (branched) minimal immersion
with supporting manifold A if it is a harmonic map which is also conformal (with the possible
exception of finitely many points where du vanishes) and meets N orthogonally, i.e.

ou

5:0 on 08S.

P (u)

In the case S = D the following connection between %—harmonic maps v : S — N and free boundary
minimal disks is now a well-known fact (see e.g. [DaL15, MS15, DaL17] and Remark [3.3)).

Proposition 1.3. The harmonic extension u of a %—harmonic map u € HY 2(S8, N) is conformal.
Geometrically, this means that u is the boundary of a free boundary (branched) minimal disk.

We point out that Proposition has been at the origin of the study of %—harmonic maps.

In this paper we are going to investigate the regularity of %—harmonic maps u € H'/? (0S,N).
Besides showing the Holder continuity of such maps, we will illustrate how to bootstrap to higher
regularity. Precisely we will show the following.

Theorem 1.4.Let N' C R™ be a C*-smooth closed embedded manifold, with & > 2, and let

u € H2(9S,N) be 3-harmonic. Then

uwe [ CF1(9S N).
0<<1

In particular, if A is C* then u € C*°(9S,N).

The proof of Theorem is rather technical and we defer it to the appendix.

We point out that one of the key steps to prove the regularity of %-harmonic maps is the representation
of the energy E(f;g) as a sum of the fractional %—energies at each boundary component (according
to a suitable identification with S!), plus a quadratic term which is continuous in the H*-topology,

for any s € R. The identification of the energy of .]?With a fractional energy on the boundary in the
case of the flat disk I is a well-known fact.

In the model case where S = A, := B; \ Bi, t > 1, we have the following decomposition.
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Lemma 1.5.Let a,b € H'/?(S*,R™) and define f € HY/2(9A;,R™) by setting f(e?) := a(e'?),

f(te?) := b(e'?). Then the Dirichlet energy of the harmonic extension f € H'(A;, R™) is given by
= [ VI =Y Il ol + ol

27 J 4, — logt

4 8t _
(7) +> <t2n_1(|“”‘2 + |ba]?) — Rl bn)>

n>0

1
:% (H(_A>l/4aH%2(81) + |’(_A)1/4bH%2(81) + Bt((aa b)v (a7 b))) 5

where B; : D'(S1,R™)? x D'(S1,R™)? — R is a symmetric bilinear functional.

By using the decomposition we succeed in rewriting condition @ in the form of a nonlocal linear
Schrodinger system with an antisymmetric potential, as it has been done in [DLR11, DLS17,
MS17] in the case of the flat disk.

We will also show that the conformalitgﬂ of the harmonic extension w is equivalent to criticality of £
with respect to variations of the conformal class of S. For instance, if S is diffeomorphic to an
annulus, then up to a conformal diffeomorphism we can assume that (S, g) = (A, gr2) for some
t > 0 (see Theorem . In this case a variation of the conformal class corresponds to a variation of
the parameter ¢.

Theorem 1.6.Let a,b € HY2(S', N) and define u[t] € HY?(0A:, N) by ult](e?) = a(e?),
ult](te®) := b(e'?). Assume that uf¢] is 3-harmonic for the annulus (Az, ggz). Then its harmonic
extension is conformal if and only if

d

—Ey(uft =0

SEl)] =0,
where E} is the %—energy for A;.
We will extend Theorem to the hyperbolic case where S is neither a disk nor an annulus (see
Theorem (3.4)).

In the interesting special case where A is the boundary of a conver C°°-smooth domain 2, we also
prove the following result.

Corollary 1.7. The harmonic extension u defines a conformal (branched) free boundary minimal
immersion u: (5,05) — (2,09Q), with branch points only in S, if and only if u is a nontrivial critical
point of E(f;g) with respect to the pair (f,g)H

In view of the results in this paper, it would be interesting to study the flow version of the energy
E(f;g), where the evolution of the conformal class of g would be given by the lack of conformality
of u, in a similar way as for the Teichmiiller harmonic map flow studied in [RT16]. This would
correspond to a Teichmiiller %-harmonic flow.

This paper is organized as follows.

e Section [2| provides the decomposition of the %—energy (2) in terms of nonlocal operators defined on
0S; we also obtain a similar decomposition for the related Dirichlet-to-Neumann operator.

2Confornmlity will mean weak conformality, i.e. at every point du either is a linear conformal map or vanishes.
3The meaning of criticality with respect to g will be specified in Section



FREE BOUNDARY MINIMAL SURFACES: A NONLOCAL APPROACH 5

e Section [3| establishes the criterion for the conformality of the harmonic extension f, as well as

Corollary

e In Section [A] we show a well-known uniformization theorem for compact annuli, exhibiting a
conformal equivalence which is smooth up to the boundary; this is needed for the construction
made in Section 2

e Section [B] collects the definitions and basic facts concerning all the functional spaces involved in
the paper; in particular we show some useful results about the space H/ 2(R).

e In Section [C] we recall some fundamental three-term commutator estimates, which were first
obtained in [DLRO09Y], as well as a two-term commutator estimate due to Coifman-Rochberg—Weiss
from [CRWT6|.

e Section @ details the proof of the Holder continuity of a %—harmonic map u and uses localized
versions of the integrability by compensation effects recalled in Section [C]

e In Section [E] we bootstrap the results of Section [D] to obtain higher regularity of u, i.e. Theorem
exploiting another two-term commutator.

Acknowledgements. The authors would like to thank Tristan Riviere for suggesting the investiga-
tion of the problem and for the helpful discussions.

2. DECOMPOSITION OF THE ENERGY

The purpose of this section is to obtain the decomposition of the %—energy (2) in terms of nonlocal

operators defined on 05.

We will also show that the so-called Dirichlet-to-Neumann operator

H'?(8S,R™) — H™/2(8S,R™), [+ gf
14

can be represented as the sum of the usual fractional Laplacian at each boundary component and
a remainder B: D'(9S,R™) — C*°(9S,R™), which represents a sort of interaction between the
boundary data.

We will start from the model case of the flat annulus, where this decomposition is explicit.

2.1. The case of an annular domain. For a fixed t > 1, let A; := B; \ B C C be the standard
annulus with the Euclidean metric.

Given f € HY/?(9A;,R™), we denote
a(e”) = (), b(e”?) := f(te'?) € H'*(S",R™).
We use the notation (ay,)nez and (by, )nez for the Fourier coefficients of the two functions, namely

1 o 10\ ,—inf 1 o 10y ,—inf
ap == — a(e)e o, by, :=— b(e")e do.
2 0 2w 0

We observe that ), 27 |n| lan|* = H(—A)l/‘laH%2 and similarly for b.
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Given (a,b), (c,d) € D'(S',R™)? x D'(S',R™)? we define the following symmetric bilinear opera-
tor:
7r<b0 —ap) - (do — o)
logt
(8) 87m L — - B
n>0

Bi((a,b), (c,d)) :=2

Lemma 2.1. 3; is a sequentially continuous bilinear functional on D'(S1,R™)? x D'(S!,R™)2.

Proof. Assume a,b,c,d € H¥(S',R™). Since t > 1 we have

Bi((a,b), (c,d bo — ao| |do — co 4n
Bul(e D (e, ] o = aolldo = ol 57 Al el + b )

27 - logt =
4nt™
) + 37 e (lan ldal + [oul )
n>0
S (@40 (lanl [enl + ba] |dn] + |an] [dn| + [ba] |cn])
n>0

<lallgs el s + 101 s 1l zrs + llallgs |l grs + 101 gz llell gz »

thanks to the elementary estimate n?* and the Cauchy—-Schwarz inequality (the implied

tn
t2n 15

constants depend of course on s,t). Since D'(S') = |, g H*(S'), we get in particular that B; is a
linear functional on D'(S!,R™)? x D'(St,R™)2.

If (((as, b5), (¢i,d;)))ien is a sequence converging to ((a,b), (¢, d)) in this space, by the uniform bound-
edness principle (applied to the Fréchet space D(S', R™)) we deduce that the set {a;, b;, ¢;,d; | i € N}
is bounded in H**1(S%), for some real s.

By the compact embedding H**1(S!) < H*(S!), any subsequence admits a further subsequence
converging in H*(S',R™)? x H*(S',R™)?, where we have already shown the continuity of B;. This
shows that B.((as,b;), (ci,di)) — Bi((a,b), (c,d)). O

Lemma 2.2.For any f € HY/ 2(0A;,R™), the Dirichlet energy of its harmonic extension j"v €
H'(A;,R™) is given by

~2 2 2 |b0 —CL[)‘2
V =27 E n + bn +27 —_—

(10) +27r2 (th_ (|an|* + |bn|?) — Stn%(“n-bn)>

t2n — 1
n>0
:“(_A)l/4a"i2(31) + |’(_A)1/4bHi2(31) + Bt((aa b), (a, b))

Proof. One can check, e.g. by a density argument involving trigonometric polynomials, that the
harmonic extension f is given by

~ b t2"a, — " b
(11) f(rew) =ag + +Z th an rr 2n0 +Z an n 7ne'm9'
n#0 N n#0
Calling
s bo — ag . _ t"b,, — an, Jo_ t*a,, — t"b,
logt = " tm—1 7 " tn —1
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we have
Zf(r 0) =cr- +Z n(cpr™ ™t =" 1)€m9’
(12) "0
1g£ Zln oy n— 1 / e 1) 'm0‘
”

n#0
Thus the Dirichlet energy of fequals

/ !Vf‘ =27 [¢]* log t + 27‘(2 (]cn\ (" —1) - ‘c%!z(t_zn — 1))

n#0

b — ao|” n 2 2
ZQWW +2ry o <|t”bn — an)? + [t"an — by ) .
n#0

Since a_,, = a,, and b_,, = b,,, we deduce

712
fAt |vf‘ ‘b() — G/O‘Q n 9 9 ) o
= n 1 n n — 4 by
o gt +§7;t2n_1(<t F0)((an? +[baf?) — 4"R(a, -By)

ozl +Z\n\ (lan[* + [ba[)

logt "
+2 n (lanf? + bul?) = o R(an - Bn) ) - -

n>0 t2n7 tn*l

Lemma 2.3. The normal derivatives on 0B; and 0B; are given by

of of . iy - _
8%(@19) — (—A)2a 4+ Ryfa, B, a—];(te’e) — (= A) 2 4t Refb, dl,
where R; : D'(ST,R™)? — C®(S',R™) is a sequentially continuous linear operator defined by

- bo — ag 2n - 2n ;
(14)  Rifa,b)(e"?) = ~Tlogt T D g (an = 1bn)e™ + 3 o (2 an — t7by)e™.
n>0 n<0

(13)

Proof. Let afe?) = gfj( ) and B(e'?) := gl{ (te?). Given any h € C®(0A;, R™), let ¢(e'?) := h(e?)
and d(e') := h(te’®). Since f is harmonic we get

zw;an-%mwt;ﬁn-dn: » ay /Vf Vh

:/ (—A)1/4a(—A)1/4c+/ (=AY (=AY + By((a, b), (¢, d)).
Sl Sl

From this equation we easily get (13|, with R;[a, b] given by . We observe that the formula
can also be obtained directly from (12)). The continuity of R; is proved by arguing as in the proof of

Lemma 211 O

Remark 2.4. The symmetry B:((a,b), (¢,d)) = Be((b,a), (d,c)), as well as the fact that the formulas

for taf (te?) and 6f (e %) can be obtained from each other by exchanging a and b, are not surprising
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in view of the existence of the conformal map
tz

At‘)At, ZHw,
z

which exchanges the two boundary components.

2.2. General compact surfaces with boundary. The boundary 95 is the disjoint union of
finitely many circles diffeomorphic to S*:

k
08 = |cV.
7j=1

We can find, for each j, a smooth map
¢;: 0,1 x St — S

with the following properties:
e ¢; is a diffeomorphism onto its image;
* ({0} x §") = CU);
e ¢;([0,1] x SY)Y N ¢;([0,1] x S') =0 for any j # ;.
Applying Theorem to the annulus

AW = ;([0,1] x 8",

we can find a conformal transformation v; : AG) Ay, (where Ay, = Etj \ By C C, equipped with
the flat metric) such that ¢,;(C)) = 9B;. Finally, we call

k
S =8\ | |¢;([0,1) x 8.

Jj=1

The picture illustrates our decomposition of S.

cm

We notice that S’ is still a smooth surface with boundary

k k
08" = | | o;({1} x 8" = | | ;" (9By)).
j=1

j=1
Lemma 2.5. For any f € H'/2(9S,N) the -energy E(f;g) admits the decomposition
E(f;9) = Y I fillpe + Bs((f)=1. (F)5=1).
J
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where f;(e?) := f o w;l(eie) and Bg : D'(SY, R™)* x D'(S',R™)* — R is a sequentially continuous
symmetric bilinear functional.

Proof. Let G € C"O((SO’ x S)\ A) be the Green function for the Dirichlet problem (see e.g. [Aub98]),
satisfying for each x € S

—-AyG(x,-) =0, onlS

G(z,-)=0 on 08
and let H € Coo(g’ x 0S) which is defined, for any fixed = € S, by the formula H(z,-):= —%G(w, ).
For any f € H'/2(9S,R™) and any x € S , the harmonic extension is given by the formula

flx)= | H(x,y)f(y)dvoly(y).
a8

Now {H(z,-) | z € S’} is a compact subset of C°°(9S) and in particular is bounded in C*(9S) for
all kK > 0. The same holds for the derivatives of any order in x. Therefore the map

D/(9S,R™) = C(S',R™), f s ﬂS,

given by the above formula is sequentially continuous. In particular, (f,h) — |, < <Vf, Vﬁ> dvol
defines a sequentially continuous symmetric bilinear operator on D'(9S,R™) x D'(9S,R™).

Moreover, for any j € {1,...,k}, let
mj(eie) = fo z/;;l(tjew) e H'/2(S', R™).
By conformal invariance we have A(.]?O 1/1]._1) =0 on A; and
=12 12 2 2
[ IR, = [V GFe = -8 g + 21
tj
+Btj((fj7"1j)7 (f]?ﬁj))

by Lemma We remark that f — r; is sequentially continuous as a linear map D’'(9S,R™) —
C>®(S',R™). Finally, we can write

k k
B(f1q) = Z/AU Vil dvol, + [ |97 avol, = 2N sl + Bt (30
where for any f,h € H/?(dS,R™) we let
k k
Bs((f5), (hy)) == Z/Sl(—A)leﬁj(—A)lM{j + > By ((f5,55), (hy: &)
i=1 i=1

+ / (V3 V1) dvoly,

with h;(e?) :=ho @b;l(ew) and &;(e?) := ho ¢;1(tjei9). O
Lemma 2.6.For any ¢ = 1,. .., k, the normal derivative on C® is given by

of

= M ((—A)2 1) oy + eMRy((f5)k21) 0 4,

where €?* is defined by g = e} (gg2) and R, : D'(SL,R™)F — C°(S',R™) is a sequentially
continuous linear operator.
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Proof. Indeed, for any ¢ € C*(S,R™) supported in ¢,([0,1) x S1),

/ 6)“5g0- ((—A)l/Qfg) o1y dvoly = / po w;l . (—A)l/Qfg
(610 S1

_ L O ey ) B
B /E)Atj L /51 poth, - R fo, k]

— [ (Vloou iTFoui) - [ Mo Rl o vedvol,
C0)

Ay,

where the operator I, is provided by . But, by conformality of 1y,

I8

and thus we can let Rg((fj)é?:l) = Ry, [ fe, ko). O

oo T - = = af
(V(poy, ) V(forp, 1>>_/A(f) <Vg0;Vf>dvolg—/S<Vg0;Vf>dvolg—/ go-a—fdvolg

oS v

3. CONFORMALITY OF THE HARMONIC EXTENSION

This section is devoted to show that, if the energy of the harmonic extension u is also critical with
respect to variations of the conformal class, then u is conformal. We will use the Teichmiiller space
T(S) of S to describe such variations. Throughout the section we will assume that S is orientable
(actually this hypothesis can be dropped: one can repeat the same theory on the two-sheeted oriented

cover S, restricting to equivariant metrics and variations).

We will start from the easier case of the annulus, which can be treated in an elementary fashion (due
to the simple explicit form of its Teichmiiller space).

Remark 3.1.In the disk case, i.e. S =D, conformality holds automatically for %—harmonic maps
(and indeed in this case 7 (5) is trivial): see Remark [3.3| below.

Recall that the disk and the annulus have Euler characteristic 1 and 0, respectively. If the surface S
has a different topology, then its Euler characteristic is

x(S)=2-2g—-k<0

(with an abuse of notation, we denote by g also the genus of S, while k¥ > 1 is the number of
boundary components). Thus S is intrinsically hyperbolic, namely by Gauss—Bonnet theorem any
constant curvature metric such that 0.5 is totally geodesic must have negative curvature. In this case
T(S) does not possess an immediate presentation as for the annulus, although it is well known that
it is diffeomorphic to RO9+3k—6 (and can be parametrized by means of the so-called Fenchel-Nielsen
coordinates). The precise definition of 7(.S) is given below.

3.1. The annular case. If S is diffeomorphic to an annulus, then up to a conformal diffeomorphism
we can assume that (S,g) = (A, gge) for some ¢ > 0, thanks to Theorem [A.1] A variation of
the conformal class (or, more precisely, the conformal class up to diffeomorphisms isotopic to the
identity) corresponds to a variation of the parameter t.

For any a,b € HY/2(S*,R™), we define u[t] € H/2(0A;, R™) by u[t](e?) := a(e®), u[t](te?) := b(e®).
We will denote by u[t] the harmonic extension of u[t].



FREE BOUNDARY MINIMAL SURFACES: A NONLOCAL APPROACH 11
Lemma 3.2. For any a,b € H'(S!,R™) we have

d 1 2
GEwn = [ (t ) ~

Proof. We can assume a,b € C°°(S*,R™) (by a density argument, using the fact that Ey(u[t])
depends smoothly on (t,a,b) € (1,00) x HY2(SY) x H'/?(S'), as can be seen from the explicit
formula (7). So w[t](z) defines a smooth function on the set

{(t,z) € (1,00) x C: 1< |2| < t}.

ou|?

90

@
or

By the divergence theorem we have

i(/m Vﬂ[t]l2) :/{)Bt |Va[t]|2+2/At (Va[t); v (dZLS} s—t)>

B oult]|* | 1 |ouft) |’ dult] ( dals]
_/8&( " >+2/6Bt or ( ds

or 2| 00
(as % = 0 on 0By). Differentiating the identity w[s](se’) = b(e') in s we get

00

)

duls]\  gy| _ _Oult] i
<ds> (Se ) - = W(t@ )
Hence, combining these identities,
d B aut]|* 1 |ouft]|? ault] |?
aEt(u[t]) - /BBt < or 7?2 90 - 2/6Bt 767“ . O

Proof of Theorem [1.6, We introduce the Hopf differential
> |ou
Jy

ou

du ou 1
h(Z)::H(Z)dZ(X)dZ, H(z)::az.aZ:ZL(w

_,0u ou
—9i== .22 .
doxr Oy
A well-known straightforward computation shows that h is a holomorphic quadratic differential, i.e.
H is holomorphic, vanishing identically if and only if @ is (Nweakly) conformal. From Theorem it
follows in particular that u € C1(9A;). Since 0 = P (u) % and 0 = PN (u) % = PN(u) g—z on 0A,
we have that
Ju OJu
— - — =0 on 04;.
or og - OO
By the maximum principle we deduce that, for any z = re? /ig,
, , T, T
—23((re?)2H (re')) = ra—u(rew) : —u(rew
r
i.e. the harmonic function 3(22H(z)) vanishes identically. Since z2H(z) is holomorphic, it must
coincide with a real constant c. By Lemma ¢ = 0 precisely when %Et(u[t]) ‘ .z = 0, since

9 :
20 (re*)

ou, o
or (re”)

2

—4¢ = —4R((re?)2 H (re'?)) = O

Remark 3.3.In the disk case we get 22H(z) = ¢ for some real ¢, hence ¢ = 0 (being H bounded
near the origin) and H(z) = 0.
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3.2. The hyperbolic case. Assume now that x(S) < 0 (i.e. S is not a disk nor an annulus) and
N is C*°-smooth. Let M(S) be the space of all Riemannian metrics on S and P(S) the space of all
smooth positive functions S — R. M(S) is an open subset of the Fréchet space I'(S%S) (smooth
symmetric covariant 2-tensors on S). The quotient

C(S) := M(S)/P(S)

is the set of conformal classes on S. Moreover, let M_1(S) C M(S) be the subset of metrics having
constant curvature —1 and making 95 totally geodesic. Every equivalence class [g] € C(S) has
exactly one representative €2’ g € M_1(S), A € C*°(S) being a solution of Liouville’s equation

AN=K+e** onS
g%:/i on 98,

where K is the Gaussian curvature of g and « is the geodesic curvature of the boundary (i.e.
k = (Vs7,v) if 05 is locally parametrized by a unit-speed curve 7). The map

v:M(S) = M_1(S), wv(g):=ePyg
is C*°-smooth (as a map from M (S) into itself).

In order to have a finite-dimensional space, we quotient C(S) by the (right) action of the group
Dy(S) of diffeomorphisms isotopic to the identity. The set

T(S) := C(S5)/Do(S)
is the Teichmiiller space of S. It can be given a canonical structure of (6g + 3k — 6)-dimensional

differentiable manifold. The resulting map 7 : M(S) — T(S) is smooth and admits locally a smooth
section taking values into M_;(5).

For the proofs of these facts, we refer the reader to [F'T84], where the Teichmiiller theory for closed
surfaces is developed. See also [DHT92], which illustrates the necessary modifications for surfaces
with boundary (using the convenient device of the Schottky double).

Theorem 3.4. Let (S, g) be a Riemannian surface with 95 # ), x(S) < 0 and let ¢ : U — M(S)
be a local smooth section of 7 through g (i.e. 7(g) € U and ¢(n(g)) = g). If u € H'/?(dS,N) is
%—harmonic with respect to g, then @ : (S, g) — R™ is conformal if and only if 7(g) is a critical point
for the map

p— E(u; ¢(p)).

We remark that the harmonic extension u, € H'(S) of u € H'/?(dS) with respect to ¢(p) depends
on the couple (u,p) € H/2(0S,R™) x U in a smooth fashion: this follows from the inverse function
theorem applied to the map

HY(S) x U — H1(S) x HY2(8S) x U, (w,p) —~ (—Aspw,wl, g, p)-

In particular, the function (u,p) — E(u;¢(p)) is smooth as well.

Proof. (<) Replacing g with v(g) and ¢ with v o ¢, we can assume that g € M_1(S) and ¢(U) C
M_1(S): indeed, thanks to the conformal invariance of the Dirichlet energy, E(w;g’) = E(w;v(g"))
for any w € H'/?(9S,R™) and any metric ¢, so u is still %—harmonic with respect to v(g) and

m(v(g)) = m(g) is still critical for p — E(u;v o ¢(p)).
The Hopf differential h of the map u, defined in any local conformal chart (for g) by the formula

ou ou 1 (loul®* |oul* _ou ou
h(z) := H(z)dz ® dz, H(z):—az-az—4<ax ~ |3y —Qzax-ay>,
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is a globally defined holomorphic quadratic differential (i.e. H is holomorphic in any conformal
chart), as a consequence of the fact that Aju = 0. The conformality of @ is equivalent to h = 0.

Moreover, h is real at the boundary 05, meaning that in any local conformal chart (V, z) mapping
V' N oS into the real line {(z) = 0} we have

on ou_

or dy
on the real line. Indeed, at such points % € Ty, while %Z L Ty by 3-harmonicity (observe
that by the preceding regularity result we have u € C*° up to the boundary).

Let now v := dmy[R(h)]. Since g € M_1(S), the symmetric tensor d¢.(4)[v] can be decomposed as
(15) dr(g)[v] = R(q) + Lxg,

where ¢ is a holomorphic quadratic differential which is real at 0.5, while Lxg is the Lie derivative of
g with respect to a vector field X satisfying X 95 || OS (see [FT84] for the corresponding statement

for closed surfaces). The tensor L£xg belongs to the kernel of dmry, as X generates a one-parameter
subgroup of Dy. Thus, using 7o ¢ = idy,

dmg[R(h)] = v = dmylddr(g)[v]] = dmy[R(q) + Lxg] = dmg[R(q)].

But 7(S) is built precisely in such a way that the map dmy restricts to a bijection from the space of
such real quadratic differentials to T(;)7(S). We deduce that f(h) = R(q).

We also remark that dE(u;-),[Lxg] = 0: indeed, calling ®;* the flow generated by X, we have
E(u; (97%)*g) = E(uo 9%, 9)
and differentiation at ¢ = 0 gives
du
oS 8V
by characterization @ of %—harmonicity. From we finally deduce that
0 =dE(u; ¢(-))r(g)[v] = dE(u;-)g[R(q) + Lxg] = dE(u; ) g[R(R)]

__ /S R(h)[ViT: Vil dvolg—i—% /S (ViI[2 try (R(h)) dvol,

dE(u;-)g[Lxg) = -2 - du[X] dvoly, = 0,

(using the fact that the variation of u gives no contribution, thanks to harmonicity). But, as is
readily seen in conformal coordinates,

trg(R(h)) =0, R(W)[VE; Va] = 2|R(R)|;.
We infer that $(h) = 0, which implies A = 0.
(=) Conversely, for any v € Ty, U, we can write (assuming again ¢ = v o ¢)
dor(g)[v] = R(q) + Lxg
for suitable ¢ and X as before. We have
dE(u; ¢(-))n(g)[v] = dE(u;-)g[R(q) + Lxg] = dE(u;-)g[R(q)]

1
= /s R(q)[Vu; V] dvoly + 5 /S ]Vﬁ\z trg(R(q)) dvoly,.

Again we have try,((g)) = 0, while the conformality of u gives % . % = 0 in conformal coordinates,

hence R(q)[Vu; Vu] = 0 as well. O
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Proof of Corollary[I.7. In view of the preceding results, it suffices to show that, for a nontrivial
3-harmonic map u with conformal @, we have 4(S) C Q and Vu # 0 at the boundary 9S. Recall

that u is C°°-smooth up to the boundary of S.

Since @ is nontrivial we have %% # 0 at some ' € 98 (being [ |V dvoly = [, U -og—g dvoly).
Combining this with the condition PT(u)g—qu =0, we get u(z”) € Q for at least an 2’ € S.

Fix now any point p ¢ 2. By convexity of €2, there exists an affine map F' : R™ — R such that
F(p) <0 and F(Q) C (0,00). Since F o u takes nonnegative values (as u takes values in 0Q2) and
Fou(2") > 0, by the strong maximum principle we get F ou > 0 on S. Hence, u(S) cQ.

Finally, if z € 0S we can let p := u(z): then Hopf’s lemma gives 8(1;5&) (z) < 0. In particular, Vu
never vanishes at 95. 0

APPENDIX A. UNIFORMIZATION THEOREM FOR ANNULI WITH BOUNDARY

Theorem A.l.Let (A, g) be a compact Riemannian two-dimensional manifold with boundary,
diffeomorphic to [0, 1] x S*. Then there exists some ¢ > 1 such that (4, g) is conformally equivalent
to the standard annulus A; := By \ By C C.

Proof. We fix a diffeomorphism ¢ : [0,1] x S' — A and we orient A by declaring that ¢ is orientation-
preserving. We call v; : S1 — A the restrictions v; := ¢(j, ), for 7 = 0,1, so that v; preserves the
orientation while 7y reverses it. Let u € C°°(A) be the unique harmonic function which equals j on
v;(81) (for j = 0,1). Denoting by A the interior of A, we remark that by the maximum principle
0<u<1onA and by Hopf S lemma sdu[y;] > 0 for j = 0,1. Recall that, in local conformal
coordinates (z,y), xdu = ——dm + T dy.

Let k := f'yo xdu > 0. Since xdu is closed, f,y xdu € kZ for any closed, piecewise smooth curve

taking values in A. Thus, we can define v € C*°(A,R/kZ) by the formula v(p) := [ *du, where
is any piecewise smooth curve joining 9 (0) to p. Now the map

P A— C, w—exp< (u—I—w))

21

is well defined and smooth.

The metric g, together with the orientation, induces a complex structure on A. As v locally
lifts to a primitive of *du, we have dv = xdu. Hence, in local conformal coordinates, the map
u+iv : A — C/ikZ satisfies the Cauchy—Riemann equations and is thus holomorphic; so ¢ is
holomorphic as well. We now prove that 1 is a diffeomorphism onto its image. Since xdu[y;] > 0,
the compact set F' := {p € A dip(p) =0} 1s contained in A. As 1) is holomorphic, F is finite. We

have F' := ¢~ 1(y(F)) C A (as Y(0A) Ny (A ) (), so by holomorphicity F” is finite as well.

It is easy to check that w‘A\F/ A\ F' = p(A) \ ¥(F) is a covering (indeed, any z € ¥(A) \ ¢(F)

has finitely many preimages p1,...,pr € A\ F’; we can find open disjoint neighborhoods U; C A\ F’
of p; which are all mapped diffeomorphically onto some neighborhood V' of z; up to replacing V'
with V' \ ¢(A4\ |; U;) and shrinking each U; accordingly, V' is evenly covered by | |; U;). But ¢ is

injective on 0A C A\ F', so ¢ "

is injective and hence a diffeomorphism onto its image.
F/

As 1 is holomorphic, ¥ cannot be injective in any punctured neighborhood of any point in F.
It follows that F' = (), thus also F/ = (). Finally, calling ¢ := exp (2%), we have (A) C A; and
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PY(0A) = 0A;. As w(/ci) =Y(4)N fit, w(/i) is both open and closed in fit, so by connectedness it
follows that ¢ : A — A; is surjective. The map ¢ provides the desired conformal equivalence. [J

APPENDIX B. FUNCTIONAL SPACES

In this section we recall the definition of the functional spaces used in the paper, as well as some
of their main properties and some key facts concerning the so-called Littlewood—Paley dyadic
decomposition.

We denote respectively by S(R) and S’(R) the spaces of (real or complex) Schwartz functions
and tempered distributions. All the functional spaces used in this paper should be understood
as subspaces of §'(R). Given a function ¢ € S(R), we denote either by @ or by F¢ the Fourier
transform of ¢, i.e.

26 = Fole) = [ v@ye e da,
while if v € S'(R) we define v = Fv € §'(R) by (0, ¢) := (v, §).

We recall the definition of the inhomogeneous fractional Sobolev (Bessel potential) spaces: for a real
sand 1 < p < oo we let

H¥(R) == {v € S'(R) : |[v]| o == || F (1 + 47r2|§y2)5/2fv]HLp < oo}

Observe that H*P(R) is stable under multiplication by Schwartz functions, i.e. if v € H*P(R) and
1 € S(R) then vy € H*P(R) (see e.g. the proof of [GS12]).

We also recall the definition of the homogeneous fractional Sobolev spaces that will be used in the
paper, namely H'/?(R) and H~Y2(R):

2
Hl/Z(]R) = {v € LZZOC( \UHHW : // | | | drdy < oo}7
r—=y

HY2(R) := {v € S'(R):v € L},.(R) and / |7 [B(6) )P de < oo}.

We remark that H'/2(R) is naturally a subspace of &'(R), although |- jr1/2 is only a seminorm
(which vanishes on constant functions).

We recall that, given v € H'/2(R), we always have o € L? (R \ {0}) and moreover in D’(R \ {0}) we
can identify the distribution |¢|'/20 with an L?(R) function (which we continue to denote, by abuse
of notation, with |£|'/2%) with

(16) [ IR de = el
for some constant ¢ > 0 (see e.g. the proof of  DNPV12]).

We list below some useful elementary results concerning H'/?(R).

Lemma B.1. Given v € H'/2(R), for any j > 0 it holds
vl 280,21 S 292 |(0) po.y| + (G + )22 v s/ -

Proof. We notice that, for j > 0,

2
' j iy [ e
I B(0,2/ HL2 02) S 2 // B(0.29)? fol@) =l ? // Bozy |r—yf*
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therefore Hv — (0)3(072j)”L2(B(072j)) < 23/2 vl gg1/2-

Similarly for j > 1
|(0) Bo.2i-1) — (V) Bo,25)| S Tj/ o= @) o2] Sl -
B(0,29)
The desired inequality follows from these estimates and

J
1]l L2 (B021y) < |l — (U)B(O,Qj)HLQ(B(O’Qj)) + 27723 " |(0) poge-1y — (0) Bo2ey] + 27 |(0) Bo,y] - O
)

Lemma B.2. Given v € H/2(R), there exists a sequence vy, € S(R), with v € C°(R\ {O}) and
a sequence ¢ € R such that
o = (e + i)l e = lv = vkll e = 0, v+ =0 inS'(R),

v — (v + Ck)HL2(B(0,21)) SO+ 1)2j/2 v = (vk + ci)ll gz -

Proof. Fix x € C°(R) with 1p(1/2) < X < 1p(o,1)- As observed above, the function

wy = (x(275) = x(2")0
belongs to L?(R), is supported in the annulus {2751 < |¢| < 2%} and verifies [ [¢] Jwy(€)[* d€ <
co. We can find v, € S(R) with 0 € C(R\ {0}) and [ |¢] [wy, — Tp|* (€)dE < 2%, Since
Jevgoy €110 = wi* (€) € = 0, we get

o — vkllZe = / €] 5 — Tl (€) de — 0.
R\{0}

We now choose ¢, in such a way that (vi + cx)p(0,1) = (v)B(0,1)- The last part of the claim follows

* . . .
from Lemma and the convergence v; + ¢ — v is an immediate consequence. [l

Remark B.3. If v lies also in L>°(IR), we can also ensure that ||[vg|| ;o , [ck| S |||l foo, With vp+ci — v
a.e. Indeed, F~1(x(27%-) — x(2%-)) is bounded in L*(R), so ||Wk||;0 < ||v]|;; moreover, vy can be
chosen arbitrarily close to Wy, in L°(R). Since v +¢j — v in L2 (R), we can ensure a.e. convergence
by passing to a subsequence.
We also define the Hardy space H!(R) as
HY(R) := {v e L'(R) : sup | * v| (z) € L*(R)},
t>0

where ¢ € S(R) is an arbitrary function such that [ # 0 and ¢:(y) =t Lp(t~'y). This definition

does not depend on the choice of ¢ (for this and many useful characterizations of H'(R), we refer
the reader to [Gral4M] and [Ste93]).

Finally we define the Lorentz spaces L>!(R) and L?**°(R):
L2®) = {v e L ®): [ LIS > )2 dt < oo,
0

L2%®(R) = {v e LL.(R) : suptLL({[f] > t})V/2? < oo},
t>0

4With abuse of notation, we denote by C2°(R \ {0}) the space of those functions in C2°(R) which are supported in

R\ {0}.



FREE BOUNDARY MINIMAL SURFACES: A NONLOCAL APPROACH 17

where £! denotes the Lebesgue measure on R. These are Banach spaces with the norms

”’UHLQ,:[ ::/ t1/2< sup ][|U‘> dt, HUHLZOO — sup ﬁl(E)l/Q/ ”U|
0 t<L1(E)<oco JE 0<LY(E)<oo E

and L?*°(R) is the dual of L>!(R): see e.g. [Gral4C] and [Gral4C].

B.1. Products, fractional Laplacian and Hilbert—Riesz transform. We fix a nonnegative
bump function p € C°(R) with [ p = 1. Given v,w € §'(R), we define their product

vw = li_l}(l)(pe % V) (pe ¥ w)

as a limit in §'(R), provided that it exists. Notice that (p. * v)(pe * w) € C*° NS'(R). In general,
this limit could fail to exist or could depend on p. In all the instances appearing in this paper, we
are implicitly claiming that the product is defined, is associative and is independent of p.

From the definition of H'/2(R) it easily follows that H'/? N L>(R) is an algebra, i.e. it is closed
under the product: more precisely,

lowll gz S 0ll gz 1wl oo [0l oo 1wl gz s Nowll oo < [0l oo [w]l oo

whenever v,w € H'/? N L>®(R). Using this and the obvious inclusion S(R) € H'/2 N L®(R), as
well as , one checks that the product vw can always be formed when v € H~Y 2(R) and
w e HY? N L=(R).

Moreover, for any real s, we define the fractional Laplacian (—A)S/ 2 as
(=8)2v o= lim FH(e? + dn® [¢]*)*/2 F ],
e~

provided that the limit exists in S’(R); in other words, we approximate the fractional Laplacian by
means of Bessel potentials. We recall some properties of the fractional Laplacian for the values of s
mostly used in the paper, namely s = :i:%.

Clearly, (—A)Y4 maps L2(R) isomorphically onto H~/2(R), with inverse (—A)~'/4. The following
statement is less obvious.

Lemma B.4.If v € H'/2(R), then (—A)"4v exists, lies in L?(R) and is given by
(—a)"4 = F7((2nlé)) %)

where we denote by (27 |£])Y/?% the function in L?(R) agreeing with the corresponding distribution
on R\ {0}.

Proof. We denote by w the function in L?(R) which coincides with (27 |¢])Y/2% in D'(R \ {0}). We
observe that (€2 4 4mw2¢2)1/4 = l/2 4 % fol 42t (e? 4 4nt2¢2)~3/4 dt, with the second term vanishing
for £ = 0. Using Lemma and we get

2 1
(€ +4m*EH) 4G = /25 + lim (62 / A2t (€ + An2t2€?) =3/ dt> (B + Cr)
0

k—o00
1

=2+ (/ %(27r 1£1)3/% (€2 + amt2¢2)=3/4 dt> w.
0

Finally, €//25 = 0 in S'(R) and the nonnegative integral converges to 1\ 0} from below. O
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A similar proof shows that (—A)/2y = F~1(27 |€] D), so (=A)Y 20 = (=A)V/A(—A) Y.

One has also the following integral representation for (—A)Y4y.

Lemma B.5. For all v € H'/2(R) and some constant ¢ > 0 (independent of v) we have

(=A)4y(z) = clim L_Z(Q) dy in L*(R).
0 JR\B(e |z —y|*
Proof. Let we(x fR\B(:p 0 ‘f);‘g%) dy (which lies in §'(R) by Lemma |B.1|) and take ¢ € S(R).
Fubini’s theorem gives
(009 = lwed) = [[ 2@ = oe 4 1) 50y dian
Rx (R\B(0,¢)) |h|/
—o(x—h ’\7 1— 2mwihx
. // @)~ P =) 4 (0.0 - )
Rx (R\B(0,6)) JakG R\B(0,¢) 0¥
Since (1 — e2™)p(x) vanishes at 0, Lemmas and show that
2mihx 2mihx
~ (1 _ 2miha _ V25,( 1—6 A/ 1—e
@Jle el g&/m ‘pﬂ M_/f %MWﬂﬂ)d

We conclude that
% 2 — 2cos(2mhx)

h3/2(2ﬂ' |.’E|)1/2

Be(z) = F((—A) ) () / dh

oo 2—2cos(27t)
‘x| 27‘- 1/2t3/2
from below, as ¢ — 0. O

and, for z # 0, the last integral equals f dt, which converges to some positive constant

As for the formal inverse, the Riesz potential operator (—A)~/4, notice that F (\§|71/2) |x]71/2

—-1/2

for some ¢ € R (indeed, |x| is the only —%-homogeneous tempered distribution up to multiples,

see e.g. [Gral4dC]).

Since |z|7/? € L2%(R), we get (—A)~Y4(L1(R)) C L>*®(R) and (—A)"Y4(L2(R)) € L®(R) ]
Also, (—=A)~Y* maps H*(R) into L>'(R): this is a straightforward consequence of the atomic
decomposition property of H!(R) (see [Ste93]).

Finally, we define the Hilbert—Riesz transform of v € §'(R) as
Ruv := lim F! —i%ﬁ ,
0 (€2 +1¢[7)1/2

whenever the limit exists. A well-known consequence of Hérmander—Mikhlin estimates is the fact
that this limit exists on LP(R) and R maps LP(R) continuously into itself, for 1 < p < oc.

The same holds for H*?(R) and H~'/2(R), being the former isomorphic to LP(R) via v ~—
F(1 + 472 |€]*)5/2Fv] and the latter to L2(R) via v — F~1((2r |¢])~1/20).

Moreover, R also maps H!(R) continuously into itself: this follows from [Gral4M] and R(Rv) = —v
for v € LY(R).

S5For v € L*'(R) the fractional Laplacian (—A)~"/4y exists and equals ¢ |z|~'/? % v: indeed, from [Gral4M] one
easily deduces the weak* convergence of F~'[(e? 4 472 |€|*)~'/4] to F~1((27 |€])~'/?) in L>*(R).
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B.2. Littlewood—Paley decomposition. We briefly recall a well-known tool in harmonic analysis,
the Littlewood—Paley dyadic decomposition. This decomposition can be obtained as follows. Let
X € C(B(0,2)) be an even function, with x =1 on B(0,1). Let p := x — x(2-) and observe that
the support of p is included in the annulus B(0,2) \ B(0,1/2).

Let go := x and pj := o(277:) for j > 0, so that the support of p;, for j > 0, is contained in
B(0,271)\ B(0,27~1). The functions (p;);jen realize a so-called inhomogeneous dyadic partition of
unity, i.e. E;io pj = 1 pointwise. We further denote x;(£) := > 7_, o = x(27794).

For every v € §'(R) we define the inhomogeneous Littlewood—Paley projection operators:
(17) vj = F o;v], v =F x;0].

Roughly, v; and v/ mimic a frequency projection to the annulus B(0,27) \ B(0,2'~!) and to the ball
B(0,27), respectively.

We observe that v/ = i:o v and v = Y77 v in the distributional sense. Given v, w € S'(R), we
can formally split their product in the following way:

(18) vw = II; (v, w) + Ha (v, w) + I3(v, w),

where

+o0 4 too e
I (v, w) := Zvjwjfg, Iy (v,w) = Zvjfzgwj, I3(v,w) := Zvj Z W.
j=3 j=3

j=0  |k—j|<3

We observe that the support of F [,ijj —3] is contained in the sum of the supports of F v; and F w3,
i.e. in the annulus B(0,2772) \ B(0,2772) (for j > 3). A similar remark applies to F[v/ 3w;].

Next we recall the definition of the inhomogeneous Besov spaces Bg’q(R) and Triebel-Lizorkin spaces
F;,(R) in terms of the above dyadic decomposition.

Definition B.6.Let s € R and 1 < p,q < oo. For f € §'(R"™) we set

[e'e) 1/’1
follss, — (zzﬂsquvju%p) g < oo,
=0

[v]| s, == sup 275w || e if ¢ = oc.
JEN

When 1 < p,q < oo we also set

[oe] 1/q
lvllEs, = H (Z 2”(’!%‘1)

J=0

Lp

The space of all v € S'(R) for which [|v]|ps < oo is the inhomogeneous Besov space with indices s, p,
and is denoted by B, ;(R). The space of all v € §'(R) for which |[v]|fs < oo is the inhomogeneous
Triebel-Lizorkin space with indices s, p, ¢ and is denoted by Fpsyq(R). These spaces do not depend on
the choice of x: see [Tri83|.

A well-known fact is that H*P(R) = F}}5(R), with equivalent norms: see e.g. [Tri83].

Corollary B.7.1f s > %, then H%P(R) C L>®(R) N C*%(R), for all k € N and 0 < a < 1 with
k+a<s— %.
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Proof. By [Tri83] we can assume k = 0, as well as s = a + %. Setting 0; := 0j—1 + 0; + 0j+1
(with o_1 := 0), we have v; = F~1(g;Fv;) and H}"_lﬁjHLp, < 2i/p, HV(}"_lﬁj)HLp, < 27Hi/P (as
F 1o, =272(F 1g5)(29%) for j > 2). Hence, given 0 < h < 1,

o0 oo o ) o )

Sl = S NFE) * vl S 302 sl < S0 2TC VD ol S ol e

Jj=0 Jj=0 Jj=0 j=0

[ee]
s+ 1) = vill e S 0 RIVO I+ Y sl < 30 R IVEFE) 0]

j=0 21 h<1 27h>1 21h<1

+ 3 F e vl S < > hp g S 2‘“8‘”“) lolls, S A ellpron - O
29h>1 29h<1 27h>1

Similarly, one can form the homogeneous Littlewood—-Paley decomposition using instead g; := 0(277.)
and x; = x(277:), for all j € Z, and defining v; and v’ as in . One then has the formal
identities
v = Zvj, v = ka, vw = I (v, w) + Iz (v, w) + H3(v, w),
JEL k<j

but notice that not even the first two are always true distributionally: for instance they fail when
v =1 (in which case v, = 0 for all k € Z). This reflects the fact that > .7 0j = 1g\(0} and
D k< 5 0k = 1r\{0}X;- Using this homogeneous decomposition, with the same formulas as above one

can define the homogeneous Besov and Triebel-Lizorkin spaces B;q(R) and sz’q (R) (the above
norms now become merely seminorms).

If v e LP(R) and 1 < p < oo, then [|v]|;, S ||”HF02 and ||UHF02 S vl p: see [Gral4Cl.
D, D,

B.3. Spaces on the unit circle S'. We let D(S!) := C*°(S!) be the Fréchet space of smooth
functions on S! = R/27Z and D'(S') its topological dual. The product of two elements in D’'(S!) is
defined as before for R. For v € D'(S') and k € Z we let 5(k) := 5= (v, =),

™

Notice that, for all v € D'(S1), there exists some N > 0 such that [9(k)| < (1 + k). Also,
we recall that v € C°°(S!) if and only if the Fourier coefficients ©(k) have rapid decay, i.e.
supy (1 + |k))V |9(k)| < oo for all N > 0.

Given v € D'(S'), we define (—A)%v to be the distributional limit of ZQ;_N k> D(k)e*, as N — oo.

Observe that (—A)Sv can be characterized as the unique w € D'(S1) such that @(k) = |k|* (k), for
all k € Z.

Given s € R, we define the Sobolev space

H(SY) = {v e D(SY) ¢ ol o= 3o (1+ 6P) 5P < oo}
kezZ
We observe that D'(S') = (J,cg H*(S'). Also, the Fréchet space structure of D(S') is equivalent
to the one given by all H*-norms with s € N, by the embeddings C*(S!) C H*(S!) C C5~1(Sh).
Hence, by the uniform boundedness principle, any sequence v; converging in D'(S DY will form a
bounded set in some H~*(S!), with s € N (by the canonical duality with H*(S)).
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Lemma B.8. The space Hl/Q(Sl) is the set of traces of H'(ID). Moreover, for v € L?(S")

iry |2
(19) //S \ew —v(e) df dr = 4> " [k| [5(k)[* .

6”| kcZ

Proof. Given u € C®(D), let v := u‘sl be its trace and

D(re?) = B(k)rMe®? =3 "5(k) (re"’) + D ok

kEZ k<0 k>0

which lies in C*° (D), is harmonic and has trace v. We have [j (V©, V(u —0)) = 0 by the divergence

theorem, so
/\Vu]Q—/ yvm?+2/<vmv<u—5)>+/yV(u—a)Fz/yvm?.
D D D D D

A straightforward computation shows that the last integral equals 2 ), ., || [5(k)|?, so by density
of smooth functions we deduce that the trace of a function in H*(D) lies in H'/?(S'). Conversely,
given v € H'/2(S') one checks that ¥, with the above definition, is in H'(ID). It has trace v since

v € C®(D) and, as 7 T 1, 9(7-) — ¥ in H}(D), as well as v(T')‘S1 — v in L?(S'). Finally, the
left-hand side of equals
2

v — v(eie)||2, S [5(k) 2|1 — et ? =
do =2 =2 ol de. O
/51 |17€w|2 o ™ o |1,eia|2 WZ’U fz% e o

B.4. Spaces on a boundary 0S. Given a smooth compact Riemannian surface (S,g) with
boundary, we define the spaces H*(0S) by isometrically identifying each boundary component with
(a dilation of) S'. Lemma together with a partition of unity argument, immediately implies the
following result.

Lemma B.9. We have
HY%(9S) = 11 e L?(89) // )| dvoly(x) dvoly(y) < oo},
05)2 x y

d(x,y) denoting the Riemannian distance. Moreover, the traces of functions in H!(S) are precisely
the functions in H'/2(9S). In particular, each v € H'/2(9S) has a unique harmonic extension

v e HYS).

APPENDIX C. COMMUTATOR ESTIMATES

We introduce the following commutators for functions defined on the real line:

T(Q,’U) = (—A)1/4(Q,U) + ((—A)1/4Q)v _ Q((—A)l/4v),

U(Q,v) == —R(—=A)"*(Qv) + (R(=A)*Q)v + Q(R(—A)*v),
T(P,Q) = (-A)*P)Q + P((-A)*Q) — (-A)V4(PQ),
U*(P,Q) == (R(—A)V*P)Q + P(R(-A)*Q) — R(-A)Y4(PQ),

A(Q,v) := Qv+ R(QRwv),

F(f,v) :=RfRv— fv
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The notation T and U* is motivated by the formal identities
[rr@v - [rraw [ro@o-[veoe

Using the technology of Littlewood—Paley decomposition and paraproducts, one can establish the
following estimates of integrability by compensation.
Theorem C.1.1If P,Q € H'/?2 N L°(R), we have T*(P,Q),U*(P,Q) € L>'(R) and

TP, Q) g2 TP, @) g2 S PN gz Qo -

Proof. By [DLRO9] we have (—A)Y4T*(P,Q) € H'(R), with
[(=2) AT (P, Q) |30 S NPl 1@ /e -

The estimate for T* follows from the fact that (—A)~/4(H(R)) € L>*(R). The estimate for U* can
be obtained in a completely analogous way. It can also be deduced from Theorem below, since

U*(P,Q) = RT*(P,Q) + AP R(-A)1Q) + A(Q. R(~A)"/1P)
and R maps the spaces L?(R) and L*!(R) into themselves continuously. O

Theorem C.2.1f Q € H/?> N L™(R) and v € L*(R), we have T(Q,v), U(Q,v) € H'(R) and
IT(Q; 0) 30 NU(Q, 0) I3 SN QU g2 0]l 2 -
Proof. For the estimate of T'(Q,v), we refer the reader to the proof of [DaL15] (where one just

replaces (—A)4u with v). The estimate of U(Q,v) can be achieved with a completely analogous
proof. It also follows from the identity

U(Q,v) = —T(Q,Rv) — F((—A)V*Q, Rv) + (—A)*A(Q, Rv)

and Theorem together with the estimate ||(—A)Y4A(Q, RO)||o0 S Qg2 10l 2 (see the proof
of Theorem |C.5|). O

The two following results now follow from Theorems and by a duality argument.
Corollary C.3.1f P,Q € H'/?> N L°(R), we have
IT* (P, @)l 2> 1U* (P @)l g2 S P ggrre (=) Q| e

Proof. Since T'(P,Q) vanishes if P or @) is constant, we can assume that P,Q € S(R) with
Q € CP(R\ {0}) (see Lemma and Remark [B.3). For any v € S(R)

[rwau= [1T@rw= [Qren = [a)ioea) e

(=) Q] oo [ (=2) AT (P, Q)| o S (= 2)4Q| oo IT (P Q)
|2 4Q e 1P 172 0] 2

where we used Theorem and the fact that (—A)~Y/4(H(R)) C L>'(R). A similar argument
applies for U*. O

S
S

Corollary C.4.1f Q € H/?> N L>(R) and v € L*(R), we have T(Q,v), U(Q,v) € H~Y?(R) and
1T(Q )l =172 1U(Q, )| =172 SN @ gasz 0] 200 -
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Proof. Since T(Q,v) vanishes when @ is constant, we can assume that Q,v € S(R). For any
P € S(R) we get

/PT Q,v) = /T*(P, Qv ST (P, Q)ll o [0l 200 S 1PH g1/ 11 gy 101l 2

thanks to Theorem [C.1] A similar argument applies for U. O

Theorem C.5.1f Q € H/2 N L>(R) and v € L?(R), we have A(Q,v) € L*>'(R) and
MA@, V)| 20 S @ g1z (10l 2 -

Proof. By [DLR11] (which contains a wrong sign in the statement) we know that (—A)Y*A(Q,v) €
HY(R), with

H(_ 1/4A Q7 H'Hl HQHH1/2 H'UHL2 )
and thus [|A(Q,v)|| 21 = [|(=A)"YA(=A)YAAQ, ) || ;o1 S QI g2 [[V]] 2 O

The following inequality is due to Coifman—Rochberg—Weiss.

Theorem C.6.If f,v € L?(R), we have F(f,v) € H'(R) and
IEC, o)l S Wl 2 ol g2 -

Proof. The Hilbert—Riesz transform R satisfies the identity R(fv — RfRv) = fRv + vRf: indeed,
taking the Fourier transform at £ € R, this amounts to say that for a.e. £

~

—isgn() /(1 +sgn(§ — ¢)sgn(()) f(§ = Qv(¢) d¢ = —i/(sgn(ﬁ — ) +sgn(O)f (€ = OB(Q).

If £ >0, 1+sgn(€—¢)sgn(¢) —sgn(é —¢)—sgn(¢) = (1 —sgn(& —¢))(1 —sgn(¢)) vanishes identically
(since either ¢ > 0 or £&—¢ > 0). On the other hand, if £ < 0, 14+sgn(§—¢) sgn(¢)+sgn(§—¢)+sgn(¢) =
(1 +sgn(€§ —¢))(1+sgn(¢)) vanishes also identically (since either ¢ < 0 or £ — ¢ < 0). In both cases
we get

sgn(§) (1 + sgn(€ — ) sgn(()) = sgn(§ — ¢) +sgn(¢)
and the identity follows. Thus we have ||[F(f,v)|| 1 < |1 fl 2 |v]l ;2 and
RFE(f,v) = —fRv—vRf € L'R), [RE(f,0)lpx S IFllz2 o]l
The claim follows from [Gral4M]. O

APPENDIX D. HOLDER CONTINUITY OF %—HARMONIC MAPS

In this section we obtain the Holder continuity of %—harmonic maps on 0. with values into (at least)
C2-smooth closed manifolds.

Theorem D.1.Let N' C R™ be a C*-smooth closed embedded manifold, with k& > 2, and let
u € H'/2(9S,N) be -harmonic. Then u is Hélder continuous.

The strategy for the proof of Theorem is similar to the one used to get the Holder continuity of
2-harmonic maps defined on R (see [DLR09, DLR11, Sch12]). We provide here the details for the
reader’s convenience. The proof can be described (roughly speaking) by the following steps.

1. By means of a stereographic projection we can reduce to a problem on R, as it was already
observed in [DaL15, DaL17].
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2. We rewrite the Euler equation on R as a Schrodinger-type linear system with antisymmetric
potential satisfied by (—A)Y*w (where w := “OW_I oII™!, II™! being the inverse of the stereographic
projection.

3. We show that (—A)Y4w € L7 (R) for some p > 2, giving u € C'loo’f(]R) for some 0 < 0 < 1.

Lemma D.2.Let u € HY2(0S,N) be a i-harmonic map and let IT : S'\ {i} — R be the
stereographic projection. Then w :=wu o @Z)Zl oIt e Hl/Q(R,N) and w satisfies

1+ 22 PT(w) (Ré((fj)§:1) ° H_1> =0 in D'(R),
(21) PNw)Vw=0  inD'(R).

(20) PT(w)(—=A)?w +

Proof. Step 1. We first prove .

Claim: w € H'/?(R,R™) and (—A)Y?w = 1+%((—A)lﬂ(w oIl)) o 17! in distributional sense.

Proof of the claim: let D := {|z| < 1} and H := {3z > 0} be the standard unit disk and upper
half-plane in C and notice that the map

II:D— H, m@:<2,4>

Z—1

is conformal, with trace II on St \ {i}. Hence, by conformal invariance of the Dirichlet energy, this
map gives a bijection between H*(D) and H'(H) := {w € W22 (H) : Ju |Vw|? dz < c0}. Moreover,

loc
II gives a bijection between H'/2(S') and H'/2(R): indeed, for a real measurable function f on R,

£ (x) — f(y) B |f o TI(e?) — f o TI(em)|?
(22) //R2 —|x P dzdy = //(31)2 o eiT|2 de dr,

; 20 4 .12
2 M In particular we get that
4‘629 —e”‘
w € HY?(R,R™). We infer that H'/?(R) is precisely the image of the trace of H'(H) and that any
f e H/2(R) is the trace of a unique harmonic map in H'(H) (since the corresponding statements
for the unit disk hold).

since |II'(e")| = —2— and |II(e!) — TI(e™)|

o]

Given any f € C®(S?), the normal derivative of its harmonic extension f € H'(D,R™) at
the boundary is given by g—f = (=A)Y2f, as is readily checked using the formula f(reie) =
Y onez F(n)rinlein?  The same formula also shows that HfHHl(]D)) = H(—A)l/4f||L2.

By Lemma w can be approximated in S'(R,R™) by a sequence wy,, = hy, + ¢, € S(R,R™) + R™
such that w, — w in HY?(R, R™) and in S'(R, ,R™). The functions f,, := wy, o II extend smoothly
to all the circle. By conformality of H W, : fn oIl is the unique harmonic extension of w,, in
H(H) and its normal derivative is

oW -1 0fn 2 0fn
oMol YT ot = "ot
v I | v ° 2241 0v
By uniqueness, W, (z +iy) = [ e~ 2mlEl2mizE () dE + ¢,y and thus %L;”(x) = (=A) 2w,
From (22) and (19), (- A4 — (=AY (w o II) in L?(S*,R™). Hence,

w. 2
()20 = lim (~A) 2w, = lim 20 — Ohn 1

= m
n—00 n—oo QU n—oo 2 +1 v
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1m — / oll™ " = 2 — / o oll™
= lim = (=) 2 ) o T = = (=2) P w o TD) o T

in the distributional sense. Using Lemma we can conclude that holds.

Step 2. Next we show (21)). To this aim let us fix a nonnegative bump function p € C2°(B(0,1))
“1p(e71.). From it immediately follows that

with fp =1 and let we := pe * w, where p. := €

we — w in HY2(R,R™), i.e

(23) wG(x) — we(y) N ’LU(.T) — w(y) in L2(R2,Rm).
|z —y| |z =y

In particular, for some sequence €; | 0 there exists h € L?(R?) such that W < h(z,y)

and we; — w a.e. Moreover, since N is a C? submanifold, there exists a neighborhood U D A such

that the map p € C'(U, N), associating to x € U the unique nearest point p(z) on N, is defined.
Notice that dlst(fwe, ) — 0in L*(R), as

dist(we(x /]w6 w(z — 2)|? pe(2) dz</ |lw(z —y) — w(x—z)|2p5(y)p€(z)dydz
2

//O6 w(z — z) dydz<// oo ]yz|( )| dy dz,

which converges to 0 uniformly in x. Thus, eventually p(w;) € HY2(R,N) is defined. Since
PN o p(we,)V(p(we,)) = 0, it suffices to show that

PY o p(we,) = PN op(w) = PM(w), p(w,) = p(w) = w

in HY/ 2(R,R™). This immediately follows by dominated convergence, since the maps PN opand p
are Lipschitz (up to shrinking U).

We finally remark that h := —1+27PT(w) (Rg((fj)é?:l) o H_1> lies in L' N Lo (R, R™). O
Being w € H1/2(R,N), the quantity PN(—A)1/4w enjoys special regularity properties. This has
already been observed in [DLLR16, MS17].

Lemma D.3. For any w € H'/?(R, ) it holds
)PN(w)(—A)1/4w‘ ST (ws;w)|  ace.

Proof. Since w takes values in the C? submanifold N, it holds
|PY (w(@)) (w(z) — w(z +y))| S [wlz) —w(z +y)?

and, in view of Lemma we deduce that for some sequence €; | 0
2
‘PN(w (—A) 1/4 ’ )< hmlnf/ [w(z) u;(/;n +v)l dy,
o0 JR\B(0,;) [yl
T*(w; w)(z) = (—A) 4w -w+w - (=A) 4w — (=AY (w - w)

jw(z) —w(z + y)[*
3/2 y7

=c lim
3= JR\B(0,¢;) ly

thanks to the identity (with z := x + y)

(w(@) = w(z)) - w(z) + wlz) - (w(z) —w(z) = (@) - wz) —wz) - wz) = we) - wE) O
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In what follows, given zo € R and r > 0, we set B := B(wo,r), Ao := B(xo,2r) and, for j > 1,
Aj == B(wo, 27 r) \ B(z0,2r). We now give some preliminary estimates.

Lemma D.4. For any w € H'/?(R) and any 1 < p < co we have

(24) PP Jw — ()l oy S lwlle

9 1/2
T,fl/2 Hw o (w)BHLQ(B) S r73/4 // |w($) — ui(g)‘ d dy
B oy

(25) N
S 2P ]| e
=0

Proof. By translating and rescaling, we can assume zg = 0 and r = 1. Moreover, we can suppose
w = (—A)"Y4 = ¢|z| V2 x v for some v € S(R), with 5 € C(R\ {0}).

Proof of ([24)): letting w; = (=A) Y41 a,), we == (—A)_1/4(01R\A0) and using Young’s inequality,
the mean value theorem and Holder’s inequality,

lw = (W)BllLrp) S llwillpocp) + SI}EB |wa(z) — wa(')|
< 02177 1p0.0) * (0140)

< [l

(assuming without loss of generality p > 2), which proves the first part.

_ —-1/2
+sup/ ‘x—y 1/2—33/—y ‘vy dy
Lr(B)  za'eBJR\Ag | | ‘ ‘ @)

~3/2 <
sy 100+ | ) dy S ol

Proof of : Jensen’s inequality gives

w w Y
||w B”LQ(B // —’LU ’ dxdy<// %dd?dy
B? yl

|w(xz+ h) — (33)]
/ / 12 dx dh.

Setting fr(2) == (|z + h|"V2+ 2| 7Y V1 p(0,2n)(2),

(26)

wla+1) —w@)| S [ flo+h=yl™ = o=yl otw)] dy
(27) Shll@+ [ byl o=y ()] dy
R\ B(z,2h)
< ok ol (@) + R o =y 7 o ()] dy,

R\B(z,2h)

where we used again the mean value theorem. Notice that, by Young’s inequality,

9 2
/0 h—l/Q/Byfh*M(:v)]Qd:rdh—/O B2 || (101 100, |2 A

(28) 2
= 1 A T e e s
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since || full;4s < hY/%. On the other hand, by Hélder’s inequality,
) [ el s () s S5 Wl
while, since |z — y|_3/2 <273%9/2 for x € B and y € A;j (when j > 1),
@) [ el el dr =3 [ eyl ) S D2 ol
R\ Ao 74 =

By combining f and by applying Cauchy—Schwarz inequality we conclude that

w(x + h) 2 2
/ /B ‘ h1/2 ( )‘ dx dh ,-S HUH%Q"’O(B(O,S)) +/O h 5/6 Hv‘|%27°°(A0) dh
1

2 (o, ¢]
+/0 hm(Z?j ||U‘L21°°(Aj)> dh S (o)1 7200 a0) + D 277 10l T2 4
=1

Jj=1

The claim follows. O

Lemma D.5. Given w € H'/2 N L®(R,R™), we can estimate

1/4 1/4

17 (s ) | 2y S (||wuH1/2 Bosiny 1Y 0 o an ary ) 1Y 0l e 4
3029 (Il 1B 0 ) N2
j=1
where Hw”?il/Z(B(;vo 47, ffB $0 47,)2 %dl’ dy

Proof. Again we can assume xo =0, r = 1. Given p € C2°(B(0,3)) with p =1 on B(0, 2), we define
wp := w — (w)p(o,4) and observe that T (w;w) = T™*(wo;wp), since T* vanishes when one of the
arguments is constant, while prg”él /2 equals

(z) — |p(z)wo ()| )7
(| pwol| %12 N// B(0,4) Ix—yl //3(04 X (®R\BO,4)) |z —y|?
|wo wo(y)|”
B // B(0,4) y\ - /3(0,4) ]wo ~ (wo)s0, 4)‘

< _ a2 < 2
< //B (074)2|wo(1‘) wo @) (17 = 3172 + 1) S lolnra 0y

where we split p(z)wo(z) — p(y)wo(y) = p(z)(wo(x) — wo(y)) + (p(x) — p(y))wo(y) and used the fact
that (wo)p(0,4) = 0. Next we write

T (w;w) = T (pwo; pwo) + T ((1 = p)wo; pwo) + T" (wo; (1 = p)wo),
so that Corollary [C.3] gives

I w5 )20y < Nowoll e [1(= 84| e + IT((1 — p)ess o) 25
+ 1T (wo; (1 = p)wo) || 2
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Estimate of ||pwo| ;1,2 ”(—A)1/4(Pwo)”L2,ooi from we get || pwol| g1z S ||wHH1/2(B(074)). Also,

2
2 2 p(x) = p(y))woly
6D A o) [y S oA 0l oy + ‘ = )|x_;\220( Vay| dn
(see Lemma [B.5). It suffices to bound the last term of (32). Splitting (p(z) — p(y))wo(y) = —(p(z) —
p(y))(wo(x) —wo(y)) + (p(x) — p(y))wo(x) and using Cauchy—Schwarz, as well as [p(z) — p(y)| <
|x<—-yL
(o) = p)wolw) . |
p(x) = p(y))woly 5
dy| dz < ||lw
/B(OA) /(04) |z — y[*/? lwollza 0.0
_ 2 o 2
+ / / % dy / ’“)(x)—“ig?;ﬂ dy | do
B(04) \/B(04) |z —y| B04) |z —y
jw(z) — w(y)|®
< Nlwol 72 +// Y = I gz dy.
L2(B(0,4)) BO4) | — y|1/2
Moreover,

/ / _p(y)wong) dy
B\BO4) |JB04) |z —y*

i wo(y)[?
dz §/ / woly 3 dr | dy
B(0,3) \ JR\B(0,4) |z — Y]

S ||w0||%2(3(0,4)) :

Now we use the elementary inequality
j .
HwOHLl(B(o,zj)) S Hwo - (w0)3(0,2j)HL1(B(072j)) + Z 2]‘(71)0)3(0724’) - (wO)B(ozf—l)‘
(=3

j
SO Y lw = (W) peanll om0
=2

(for j > 2) and we get

(1

2
plx)woly) ,

2
dﬂﬁ) <> 2R lwoll L1 (a,)
=2

R\B04) |z — y[*?
oo j+1 '
5222—3/2—8/2‘@)_ 02£)HL2 B(0,2¢)) NZQ ZHU’_ 04)HL2 0,24))
=2 (=2 =

Thus, applying Lemma to B(0,4) and B(0,2¢), we get

(=) (pwo)[[ e S (=) 0| oo (0.5

0 4 =
F3 (A Ml b 3 2D e )
=2 p=0 p=tr

S+ V2P ]| s,y S D2 (A ]| -
p=0 p=
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Estimate of ||T™(wo; (1 — p)wo)| f2(p): by Lemma we have

[wo - (=) = p)wo)| 2y < w0 = (o) Bl 2 0.4y | (=)L = P)w0) | e )
S vl gz s0.4y) g 273972 ||wo| 14
< ol /20 22"’/4H<—A>” "0l o,
s
(=) = pJwo) [ ) has the

desired upper bound. Similarly, using Cauchy—Schwarz inequality twice,

H 1/4 < H 1/4((1

— p) lwol? HL2 (B) ~ — ) ‘wO‘Z)HLw(B)

_3 2
<32 fuy s
7j=1

8

<Y o (Z 2122 |y — (w)B(o,ﬂ)HB(B(o,ﬂ)))

]: (=2

oo j+1
< Z Z 3/2—%2”10 — () (0,2 H;(B(o,ﬂ))
7j=14¢=2

N 22_36/262”“’ — (w)p(,2t) HL2 B(0,2%))
(=2

00 0 9]
< Z 9—t/22 <Z(p + 1)2H(—A)1/4wHi2,oo(Ap) + Z (p+ 1)22£_pH(_A)1/4w"i/21°°(Ap)>
=2 p=0

p=L+1

2

(e 9]

N Z 2_”4H(—A)”“wHizm(Apy

Estimate of T*((1 — p)wo; pwo) = T (pwo; (1 — p)wp): analogous. O

Lemma D.6.Let P € H/2N L*®(R) and v € L*(R). Then, uniformly in s > 1,

[e.e]

(=2) T P0)| 2y S ol gm0 Do 272/ 1Pl isa o)

j=s
[o¢]

1Pl g2 3279 0l e -

j=s
Proof. The proof is similar to the one of Lemma but is substantially simpler: as before we
assume xg = 0, r = 1. Setting I := P — (P)p(g,2s+3), notice that T'(P,v) = T'(F,v).
Let p € C°(B(0,2°2)) with p = 1 on B(0,2°"") and |¢'| < 27%. By Corollary [C.4] we can write
(—A) VAT (Pv) =(=A) AT (pPo, vl pg20)) + (—=A)VAT((1 = p) Py, v1p(029))
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+Z )T (P, v1a,)

in LQ(R) and as before
H 1/4T pPo,le 0,29) HL2 S loPoll gy ”'UHL2<><> (B(0,2%)) ~ HP||H1/2(B(0 25+3)) [vll 2. (B(0,29)) *
To estimate the two other pieces, fix any j > 1 and let x; € C°(B(0,2/12)) with
xj=1 on B0,27H)\ B(0,(5/6)2),  x;=0 on B(0,(4/6)2") U (R\ B(0,2"%%))

and HXJH Lo S < 277, In particular, x; vanishes in a neighborhood of B. Next we are going
to use [Gral4C] (which implies that, on R\ 4;, (—A)1/4(P0U1Aj) is smooth and bounded by
|w]_3/2 % | Pyvly,|) and the fact that by Lemma

max((+1,5+3)

1 Pollpaga,y < Z 2t/4=p/4|| Py — (PO)B(O,2P)HL4( (0,20)) S Max(f 41 ,8)24 | Poll s -
p=0

We split T'(Py,v14;) = (1 —x;)T(FPo,v1l4;) + x;T(Fy,vl4,). For all £ > 0 we have
H(l — x;)T(Fo, ’UlAJ‘)HLQ(Ag)
< 22)[(1 = x)) (~A) A PWLA) [ e ) + 27 1ol ay |2 = XD (A A1) e

S 2—3max(j,€)/2 (26/2 | + 25/42j/4 |

|P0||L4(Ag)> [0l Larsa,)

5 max(j + 1’£ + 1, S)Qj/2+f/22—3max(j7é)/2 ||P||H1/2 HUHL?’OO(AJ-) )

[Poll Laa,)

Since T'(Py,v1y4,) € L'(R) by Theorem it follows that for all j > s

[(=2)"Y4(1 = x)T(Po, v1a)))|| 1o )

S (H ]2 (1= X)T(Po 014 )1a) | oy + D277 (1 = xj>T<Pojv1Aj>HL1(AZ)>
/=1

oo
;; H (1—x5) P071)1Aj)HL2(Ag)

i 5
S 1Pl gz (1ol poeo ) <Z(j F127H2 e Y (e 1)2j/2_£>

=0 (=j+1
S 27 P e [0l L2004,y -

Similarly, as T((1 — p)Po,v1p(o.2+)) = (=A)Y4((1 = p) Po)vlp(o29) — (1 = p) Po(—=A)/*(v1 (0 25));
using Lemma, we get

|T((1 - p)P07le(O,Qs))HLZOO(B(O’QS)) S 2P N1Poll pqa,) IVl 2o (0,29
p=s

oo
S ZPQ_p/Q HP||H1/2(B(O72P+1)) HUHLZOO(B(O,QS)) )
p=s

OSince (PO)B(0,25+3) =0,if £ > s +2 we can write Py = Py — (PO)B(0,22+1) + Ziils+4((P0)B(o,2P) - (PO)B(O,QP—l))
and if £ < s + 2 we write Py = Py — (Po) g(g,2¢+1) + Z:J;E'JFQ((PO)B(OQPA) — (Po)B(o,27))-
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IT((1 = p)Po, v1B2)|| 124,y S 2752 || Poll g2 gy N9l (30,20

S (2527 HPHH1/2(B(072€+3)) HUHLZOO(B(o,zs))
for £ > s (notice that 1 — p vanishes near B(0,2%)). Since
[(=2)"YHT((1 - p) Py, le(O,QS))lB(O,2S))HL2(B

<o

LA/3(B(0,25+1)) HT(( P)P0, v1p(0,9) HL4/3 (B(0,2))

5 28/2 HT((l - IO)P07 013(0,25))HLZ,OO(B(O723)) )

we get
o -
[(=A)"V4T((1 = p) Py, vlp(02e) Ni2s) < D 22N Pl e 0.2 10120 (B 0.2 -
Jj=s
Finally, we estimate H(—A)*l/‘l(XjT(Po,le HL2 by duality: given ¢ € C2°(B) with ||¢|| ;2 <1,

(=A) YA (G T (P, v1a,)), ) = /XJT(Povlej)(—A)_l/W

= /(_A)_1/4T(P0’UlAj)(_A)1/4(Xj(—A)_1/4¢)_

The first identity holds since T'(Py,v14;) € L*(R) (by Theorem |C.2)), while the second is justified
by x;(—A)V4y € CX(R), (—A)VAT(Py,vla,) € L*(R) (by Corollary |C.4) and Plancherel’s
theorem.

We observe that, on the support of x;, (—A)_l/ 44 is bounded by 279/2 and its derivative by 2737/2
(as (—A) 74 = cla| 2 ), s0 f = x(—A) V4 has || fl] e S 272, e S 27%/% and
2 v |2 iy ; v |2 _ ; 2 _
[a1rlh s [lelf©f ds s [+ 26| fe)f d 27 13+ 2 |70 S 27
Moreover, by Corollary |(—=A) VAT (Py, v1 ) N 2 S NPl e [0l 2.00(4,)- We deduce that
[(=2)" 10T (Po,v1a))|| 2 S 2792 1Pl jase 0]l poea - O

D.1. Rewriting the Euler-Lagrange equation. In Lemma [D-2] we have seen that w := u o
Y, o II7t € HY2(R,N) satisfies

P (w)(~8)Y 2w+ — 2 PP (w) (B((f)fcy) oY) =0 in D'(R).

1+
Therefore we can write

(33) (=AY 2 = PN (w)(=A) 2w + h

where h = — 75 2, PT(w) (Rg((fj);?zl) o H*1> € L' N L>®(R). We are going to reformulate in
the same spirit as it has been done in [DLS17, MS17].

This equivalent reformulation will be crucial in order to obtain the regularity of w. First of all,
writing for simplicity P and P in place of P*(w) and PV (w),

PN(—A)1/2QU _ (—A)1/4(PN(—A)1/4’LU) + (—A)1/4PN(—A)1/4'LU o T(PN, (—A)1/4’UJ)
— (—A)1/4(PN(—A)1/4U)) + (—A)1/4PNPN(—A)1/4UJ
+ (=A)VAPN PT (A4 — T(PN, (—A)VAw).
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Next, we observe that
(_A)1/4PNPT _ _PN<_A)1/4PT 4 T*(PN, PT)
= PN(=A)VAPN £ (PN, PT) = Qg + Q1 + (=A)Y/4PN PN,
where Qp := PN(=A)/4PN — (=A)Y/APNPN ¢ L2(R,s0(m)), Qi := T*(PN, PT) € L>Y(R,R™*™),
Hence, setting v := (—A)Y*w € L*(R,R™), we arrive at
(34) (=A% = Qv + Qv + (=AY PN) 4+ 2(=A) V1PN (PNY) — T(PN,v) + h.

Theorem D.7.The map v = (—A)Y*w has (—A)Y4(PTv), R(—=A)/4(PNv) € LY(R,R™) and
there exists o > 0 such that

H(_A)1/4(PT

«

y T IREDAPY ) 1 gy S 7

U) HLl(B(:EO,r

for all r > 0, uniformly in z¢ € R.

Proof. Step 1. Fix any xg € R. We first proceed to locally remove the antisymmetric matrix q:
if R > 0 is small enough, then we can write Q01p(, r) = %(Q‘l(—A)l/‘lQ — (=A)VAQ71Q) for
some Q € HY*(R, SO(m)) with Q| g1/ S 1l 12(B (201 (se¢ [DLR11] and [DLS17]). The map
v := Qu then satisfies

(=) = Q(—A) v — (—=A)*Qu + T(Q,v)
= Qv + Qv + Q(—A)/H(PNv) + 2(Q(~A)1PN)(PNv)
— QT(PN ,v) +Qh — (=A)*Qu +T(Q,v).

Using the identities

QLo )~ (-8) Q= 27707, Q),

Q(—A)/4(PNv) = (—A)HQPNY) + (—A)*QPNv — T(Q, PNv),
QT (PN v) =T*(Q, PV +T(QPN,v) — T(Q, PNv),
we get

(=8)V15 = Q01 B(ag.r)? — %T*(Q’l, Qv + Qv + (~8)/H(QPYv)

+ (=)*QPYv + 2(Q(—A)*PN)(PNv) — T*(Q, PN )v — T(QPN,v)
+Qh+ T(Q,v)
= Qv+ N0+ Qe PNo + (=A)YHQPN ) + T(QPT,v) + Qh,
with Qp = QQlp\Bayn@ ' U = Q (U —3T*(Q Q) Q™" — T*(Q,PV)Q " and Q, =

(=A)V4Q + 2Q(—A)V/4PN | Notice that Qg, Qs € L2(R,R™*™) and Q) € L>1(R,R™*™). Recall
that |PNv| < |T*(w;w)| by Lemma (see also [DLS17] for related properties).

Step 2. Next, we use the last equation satisfied by ¥ in order to estimate locally the L**°-norm of v.
As ¥ € L*(R,R™), we have

U= (=)A= 0) = (=A) TV Q) + (—A) T D) + (—A) T (2P )
+QPNu+ (=2)"VAT(QPT,v) + (—A)T4(Qh).

Fix any radius r < g and an integer s > 1.
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Notice that (—A)~Y4(Qyv) = c]x\_l/Q % (Qo0) restricts to an L* function on B = B(xg,r)
bounded by c( )7 1/2 HQOZHLU as Qo is supported far from B, while (=A)"Y4(Qh) € L®(R)
since |z|~ /2 ¢ LY(R) + L>*(R) and h € L' N L>°(R). Moreover, being |z|~ 1/2 € L>*(R),

=24 | e ) S 1997 1y + D [l ™72 5 (L)

j=s

S H§1HL2,1(B(10,237~)) HUHLZ’OO(B(QEO,?ST)) + Z 2_j/ZHﬁlT’HLl(A )
j=s

S (||91HL2,1(B(:50,2%)) + HQOHLZ(B(LEO,R))) V]l 2o Bao2om) + 2 27 V]l 2o (a

j=s

‘LOO(B)

where we used Theorem |C.1| and we neglected H§1HL271 in the estimate of HQ{QFHD(A_), as well as
J
| PY|| 172 (vecall that Aj = B(xo,27%'r) \ B(zo,2/r)). Similarly, by Lemmas and

H(—A)_1/4(§2PNU) +QPNUHL2,oo (B) S 22 ]/2 ‘PNUHLQ(B(xo 2ir))
7=0

Z 2™ J/2 ( |w‘|H1/2(B($0,21+2r)) + ||’UHL2,00(B($072]'+27,))) ”U||L2,oo(B(x072j+17.))

]:O
{—
£S5 2D (o ey + ol ) ol
j=0{=j+1

S (Hme/?(B(xo,str)) + ||U\\L2,oo(3(zo,2s+1r))> HUHLZOO(B(%,W))

oo
+ Z ol 10l 2.0 (B(ao,29)) »
Jj=s+1

where we neglected HQQHL2 and [|v|| 12,00 , |w|l 712 S ||v]| 2. Finally, using Lemmaand neglecting
QP 7124

”(_A)_IMT(QPT v HL2(B

< H ||L2 20 (B(0,29) 228/2 e HQPTHHI/Q(B(O 2i7)) + 22 e H ||L2°<>
j=s
S 2o/ < 1901l 2(B (2o, m)) T+ Z el HPTHHl/Q(B(a:O,er))) 191l 200 (B0, 257))
j=s

o
+> 274 oll aoe a -

Jj=s
Combining the previous estimates, given ¢ we can fix R (depending on € and s) so small that

V]l 200 (Blagry) < €NVl 200 (Bag2omy T C D, 27 0ll 200 (B(ag 2imy + CTV/2 + CRV2p1/2
Jj=s+1

< ellol 2o (e aomy +C D 27 0l p2ec(Bag,0m) + O
j=s+1
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for all sufficiently small r (depending on € and s), with C independent of € and s. Choosing s large
enough, it follows that

(35) 10l L2 (B ag.ry) S 77

for some 0 < 8 < % and all » > 0 small enough (see e.g. [BRS16], applied to the sequence
bo == [[v[| p2.00, b == [[V[| f2.00 (B (g, 2—kro)) fOr & > 0, with 7o small enough). Hence, being [|v] ;- finite,
this holds for all » > 0. Notice that this inequality is uniform in xg.

Step 3. We define ¢ := (=A)"Y4(Q0) + (=A)"Y4(QyPVv) € L2®(R,R™) (where Q1 and Q,
defined above, depend on zg). From and the preceding estimates we deduce

H(_A)1/4CHL1(B(J:,T)) <P

for all » > 0 and all € R. This Morrey-type estimate for the local L'-norm of (—A)l/ 4¢ implies that
¢e L (R,R™) for some 2 < p < oo: indeed, arguing as in [AdaT75], we have ( = ¢ |$|_1/2*(—A)1/4C

loc

and thus, for a.e. x € R and all r > 0,
i \—1/2 1/4
‘C(ZL’)’ S Z(2jr) / H(_A) / C}|L1(B(m,21r)\B(m,2j*1r))
JEZ
< M((-8)74Q) () Y 22r1/2 4 3 (22
§<0 §>0
< PM((-A) ) @) + 102
Optimizing this inequality in r, we infer that
C(@)] S M((=2)*¢) () =/ 07,
for all x € R. The right-hand side lies in L(l_ﬁ)/(%_ﬁ)’oo(R) (as (—A)/4¢ € LY(R,R™)), so we get
1=5 " In particular, we get ¢ 2By < P for some A’ > 0 and all
2 b

the claim for any 2 < p <
0<r< %. On the other hand,
U= ¢ = (=0)"4(Q00) + QPNu + (—A)TVAT(QPT, v) + (-A)74(Qh)

and so the estimates derived in Step 2 give |[v — 2By < r? forall 0 < r < %. We deduce
that, for all 0 < r < %,

100l 22 By < 10 = CllL2(Bao) + 1€ L2800y < 7

with « := min {3, 5’'}. Hence [Vl £2(B(zo,r)) < 7 for all r > 0, uniformly in .

xo,T

Step 4. Finally, Lemma gives the two identities
(A)A(PT) = b~ (~ AP APy T(PT ),
R(=A)V4(PNv) = R(=A)V4PNy — U(PN,v),

as R(—A)/2w = —Vw. Arguing as in the proof of Lemma but using Theorem in place of
Corollary [C-4] we finally get

HT(PTaU)HLI(B) S ||UHL2(A0) + Z HT(PTvv]-Aj)HLl(B) 5 Zz—j/2 HU||L2(AJ') fs r
j=1 Jj=0

and similarly ||U(PY r®. The statement follows. O

’U)HLl(B) N

Corollary D.8. We have v € L (R,R™) and w € CO’W(R,Rm), for some p > 2 and some v > 0.

loc loc
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We include the standard proof for the reader’s convenience.

Proof. Arguing as in Step 3 of the proof of Theorem [D.7, we infer that

/ |PTv‘p +/ ‘R(PN’U)‘p <1
B(z0,4) B(z0,4)

for some p > 2, uniformly in zg. If p € C°(B(xo,4)) is a cut-off function with p =1 on B(zy, 2),
PNy = —RR(PNv) = —R(pR(PNv)) — R((1 — p)R(PNv)).
Using [Gral4C] applied to —isgn(¢) (whose inverse Fourier transform is (—1)-homogeneous) and
the fact that (1 — p)R(PNv) € L%(R,R™) is supported far from B(zg, 1),
|R((1 - p)R(PNU))HLOO(B(xo,I)) S
and, from the LP-boundedness of the Hilbert—Riesz transform,

[R(RPY )| S [RPYO) 1o (p(may) -

We deduce that v = PTv + PNo also satisfies an estimate fB(xo 1) ||’ < 1, uniformly in zg. In
(—A) 1/4wHL2 B(zo.r)) <Y with y = 5 — % € (0,3) (for 0 < r < 1 and hence for all
r > 0). Using Lemma we deduce that

1/2 )
<][ |w — (w)B(IO7T)]2> ZQ 3220y < 47,
B(zo,r) =0

This is the integral characterization of Holder continuity with exponent v: see e.g. [Gia83]. O

Applying a rotation before taking the stereographic projection, we arrive at the following.

Corollary D.9. The map u o 1/)[1 : S — R™ is Holder continuous and, being ¢ is arbitrary, w is
Holder continuous.

APPENDIX E. HIGHER REGULARITY OF %—HARMONIC MAPS

In this section we prove that 1 s-harmonic maps u € H1/2(8S N) are Clkocl"s, for any 0 < § < 1,

whenever A is a C*-smooth closed manifold (k > 2). We mention that higher regularity of the
so-called half-wave maps into S? has recently been obtained in [LS17].

Throughout the section, we will say that a € S’(R) belongs to H;Z(R) (with s >0, 1 < p < oo) if
a € HP(R) for any ¢ € C°(R).

Corollary shows that (—A)Y4w € LP (R,R™), where w =uo %—1 oII7!, for some p > 2. We
now bootstrap this information to get higher regularity. We first prove two results concerning the
regularity of the commutator R(ab) — aR(b). The proofs will rely on the technique of splitting
products into paraproducts, using the Littlewood—Paley decomposition (see Section |B.2)):

ab = Za]lﬂ + Zaj b, + Z a;jby, a; = oja, b;=ojb.
l7—k[<2

We will treat the first and third summands together, namely we will just decompose

ab = ZajijrQ + Zajigbj.
J J
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Lemma E.1.Let a € H'2N L®(R) with (—~A)Y*a € LP(R), for some 2 < p < oo, and b €
H~'/2(R). Then

IR(ab) = aR(®)| 2w S |[(=2) " al| , bl 172

Notice that R(ab) is defined, as for p € S(R) the function F [—zmﬁ] converges (as € — 0)

in H'/2 N L>°(R) and ab extends to a continuous functional on this space (see Appendix .

Proof. Notice that the commutator vanishes if a is constant. Thus, as the proof of Lemma and
Remark show, we can assume a,b € C°(R \ {0}) Using the homogeneous decomposition, we
write

R(ab) — aR(b) = > (R(a’*b;) — a/ PR(b))) + Y _(R(a;t/?) — a;R(V/?))
JEZ JEZ
and remark that the first sum vanishes since

F(R(a7~3b)) — &R (b))(€) = — i sgn(€) / &3 — )b () dy
+ i/a7‘\3(5 — ) sgn(n)b; (1) dn = 0

(as sgn(n) = sgn(¢) whenever ai—3(& — n)b;(n) # 0).

Since R is an isomorphism of L?*/(P+2)(R) and of H~'/2(R), it suffices to bound > ez a2 in
L?/(P+2)(R). We do this by duality: let h € S(R) and observe that

1/2 1/2
/Za]bH'Zh /Zajbj+2hj+4 < / (ZQ] |aj|2) <Z2—j ’bj+2’2> (Mh),
JEZ JEZ JEZL JEZL
as F(a;b’"?) is supported in B(0,2/7*) and as we have the elementary inequality |h/™*| < Mh.
o 1/2
Note that [|Mh| ;2p/-2 S ||B]| 20/ —2), while the £2(Z)-norm (Ejez ‘2*3/2bﬂ+2|2> equals

(Z 2)1/2< 22: <Z’2_j/2b”’“’2>1/25 (wa)l/z

JEZ k=—oco \ jEZ JETL

2

> 27

k=—o00

djez |279/2 bj+k‘ =2k djez 277 |b;|?), so that, by Plancherel’s identity,

17212
Z?‘j !bﬂ“ﬁ) s 2 [l = [ Sz g b < [1e B = b1
2 JEZ JEL

JEZ
To conclude, using [Tri83] with the multipliers 27/2 \5]_1/2 (0j—1 + 0j + 0j+1) and [Gral4C], we
infer
1/2 1/2
4 2
>, S I DIE VT S ll=2)al],.
JEZL JEZ
Lp p

"We can assume @ has compact support in R\ {0}, by replacing it with @, (defined as in Lemma [B.2): the norm
”(—A)1/4a||m stays controlled by Lemma and the same argument of Remark we can then choose \£|1/2 Dk,

arbitrarily close to |¢]"/? wy in 1 (R), obtaining (—A)Y4vy close to (—A)Y*wy, in LP(R).
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To sum up, by Hoélder’s inequality we get the desired bound

/Zajbj+2h 5 H(_A)l/ZlaHLp HbHH—1/2 HhHL?p/(pﬂ) . O
JEZ

Lemma E.2.Let a € H*P(R) and b € LY(R), with s > %, 1 < p,q < oco. Then, for any v > ]%,

IR (ab) — aR (D)l o0 S llall go.p 0]l L -

Proof. We can assume Zi,/b\ € C°(R). We use the inhomogeneous Littlewood—Paley decomposition,
so that a =3 ~ga; and b= }_,-,b;, where a; = g;a.

As in the previous proof, we need only estimate o a;bIt2 as R is an isomorphism of
p p 9 y ]>0 ] 9 p

Hs—74

H*74(R) and of LY(R). We have ||a ||, < 27771/ ||a| ;. (see the proof of Corollary [B.7).
Given h € S(R), observe that F(a;b/2) vanishes outside B(0,2/74), so

[ a2l = S [ a2 < all g 13880 [0l
>0 >0 o
thanks to the pointwise inequalities ‘bj +2‘ < Mb (Mb being the maximal function of b) and
DRI S 2T ]|y (M) [ S Hlal e (M) Y 2767 |y
Jj=0 Jj=0 Jj=0
But H— (=74 = qu(;—v) — qu(ls_l/p) (see [Tri83)), so

' /Z a;t’2h

320

S llall s 100l L 1Al .o - 0

We will implicitly use many times the following result.

Lemma E.3.If u € H>?(R) for some s > 1 and 1 < p < 00, then PT(u) € HFDr(R).

loc loc

Proof. We can assume that 1 < s < k. The claim is trivial for s € N, while when s > 1 is not an
integer it follows from [BMO1], the map P? being C*~!-smooth. Notice that u € T/VIIO’CSP(R) by
[BMO1] with (p,q,s) := (sp,2,1), (p1,q1,51) = (p,2,5), (p2,q2,S2) := (00, 00,0) and the fact that
u e HyP(R) C L2(R). O

loc

We also need the following lemmata, where we use the dyadic partition of unity (¢;)72, € C°(R)
introduced in Appendix [B]

Lemma E.4.If f € HY/2(R) and p € C>*(B(0,1)), we have

(36) (8)25,0) = 3 [(-8)2p) (e
=0
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Proof. Notice that f € L} _(R) and (—A)'/2p € L®(R), so each term in the right hand side makes
sense. By the remark after Lemma the left-hand side equals 27 [ [¢] f )p(€) dE.

For any j > 2, by Lemma and the fact that F~1(|¢]) € C°(R \ {0}) is homogeneous of degree
—2 (see [Gral4C]),

] / ((—A)”Qp)(@jf)‘ <2 fllpmoaensomy S 2 1 o + 277G+ 1) |l

Therefore the sum in the right-hand side of converges and is bounded by || fl| 11 (p(0,1)) + 1/l z1/2-
Hence, by Lemma it is enough to prove on S(R) + R

If f € S(R), the identity is trivially satisfied since in this case we have

> [iar e = a1 =2 16 feome

If f = c is constant then

N
(-8)" 2, p) =0 = 2c tim [ 16176) D" 5Edé = Z / 2)29)(gy0).
§=0
the second equality being true since Eé\fzo 0j(&) approximates the Dirac mass g as N — oco. [

Lemma E.5. Assume w € H'?(R) is supported outside B(zg,?2), for some zo € R. Then the
distribution (—A)Y?w restricts to a C* function on B(zq, 1).

Proof. We can assume zo = 0. For p € C2°(B(0,1)) and k > 0 integer, Lemma [E.4] gives

(=A) 2w, (- Z/ AV (0,0)

j>1
S 227(2“2” ol lwll Ly so2irnBo2i-1) S Z 2R o)l o - G+ 12 S lpll 2
j=1 j>1
where the inequalities follow from [Gral4C] and Lemma [B.1] So, calling f the restriction of
(— A)l/zw to B(0,1), we have (—A)*f € L?(B(0,1)). Equivalently, ZZ;{ € L?(B(0,1)). This implies
that 4 e f € C%(B(0,1)) for all k > 0, hence f € C*(B(0,1)). O

Proof of Theorem[I.4} We fix zp € R and we take a cut-off function n € C°(Bj(x)) satisfying
n =1 in a neighborhood of zy. Recall from Lemma that

PT(w)(=A)Y?w =h, PN(w)Vw =0,

with b = — 12, PT(w) (Rg(( k) o H*l) € L' N L>(R). Therefore we have

nVw :nPT(w)Vw = —nPT(w)R(—A)l/Qw

37) =R(nP" (w)(~A)"*w) - nPT<w>R<fA>1/2w = R(uh).

We remark that w € Hl/c2’p(]R R™): by Lemma

(=) () — (~ ) / i y|3/2 Vw) dy 5 9+ 1wl (@) € L=®)
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with g(z) := min(|z| Y2, ]:1:\_3/2) € LY(R), for any 1) € C°(R). Hence (—A)Y*(4pw) lies both in
L?*(R) and in LP(R) + L*(R) and thus it lies in LP(R), as well (which can be checked using the
formula || f||7- = [7°rA""LLY({|f] > A}) dA for 1 <7 < o0). Since trivially Yw € LP(R), [Tri83]

gives pw € F,0}(R) = H'/2P(R).

Thus nPT (w) € HY2P(R) and, using again [Tri83] (with multipliers |¢|*/2 (1 + €))~ 4(0j-1 +
0j + 0j+1) for j € Z) and [Gral4C], we infer that nPT (w) and (— A)1/2w satisfy the hypotheses of
Lemmam So, in view of ([B7), we get nVw € L/P+2(R), ie. w € H ’p( ) with p=2p/(p +2).

loc

We now fix another cut-off function ¢ € C2°(R) such that ¢ = 1 on B(xo,2) and we set
wy = dw, wg = (1—P)w
Lemma [E.5| yields that (—A)Y2wy € C°(B(x0,1)). Now assume that we already know w € Hfof(R)

for some real s > 1: by Lemma we get h € Hlmm(Sk o P(R), so h := PT(w)(—=A)Y 2w, =
— PT(w)(—=A)Y?wy + h restricts to a function in (ks 1)’]D(B(xo, 1)). We rewrite as

loc
nVw =nPT (w)Vw, = —nPT (w)R(—A)Y?uw,
=R(nP" (w)(=A)"w1) = P (w)R(=A)*wi = R(nh).

The commutator on the right-hand side belongs to H™n(s:k—1)=7p (R), for any v > %, thanks

to Lemma (applied with p = ¢ := p). Therefore nVw € H™»(&k=1D=7P(R), which implies

we H lr:;n(sﬂ’k)_%p (R). Iterating this procedure we eventually get

k %p
w e ﬂ Hloc
v>1/p

We now show that, for any fixed 1 < p < oo,
w E m H PR

loc

7>1/p
Since k > 2, we know that w € HJ(R) for all ¢ < 2% (because leocfy’p(R) C HY(R) with
% =~v+ % — 1 whenever v < 1, see [Tri83]). Proceeding as above we obtain
w e ﬂ Hlk;cwq
7>1/q

for all ¢ < % (notice that % > p). Iterating this with ¢ in place of p, we will eventually reach an
exponent ¢ > 2 and hence, as (., HEPUR) C )y 2peno HEN(R), all exponents in (1,00). This
proves the assertion. Finally, applying Corollary [B.7]
k—1/p— e,p k—1,6
w e ﬂ ﬂHloc )g m C’loc ( )

1<p<oo e>0 0<o<1
So u € C*19(98S) for all 0 < § < 1. In particular, if A" is C*°-smooth then u is C*° as well. [
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